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ABSTRACT
Communication network signal interference can belefled using distance labelling
where the labels assigned to each vertex depetigeadistance between vertices and the
strength of the network signal. This paper assuthese levels of signal interference

within a graph,G. In the graph, if the distance between any twdices, v, ,and v, is
1 ie,(D(v,,v,)=1) then the difference of their labels must be astled i.e,
(| f(v)-f(v,)=d). Similarly,if D(v,,v,)=2, then|f(v,)=-f(v,)=2) and if
D(v,,v,) =3, then | f(v,) - f(v,)21. The L(d,2,1)-labelling numberk,(G) of

G is the smallest positive integdt, such thatG has anlL(d,2,1)-labelling with K,

as the maximum label. This paper presents a geikgralalue for paths, bipartite graphs,
complete graphs, cycles as well as Cactus Graphsstd-dependent for angl = 3.

Keywords: distance labelling, distance labelling, networkeldihg

1. Introduction
Let G=(V,E) be a finite, connected, undirected, simple graptnovertices andm

edges, wheré/ is the set of vertices anft is the set of edges.Acactus graph is a
connected graph in which every block is either dgeeor a cycle.

A vertex v is called a cut-vertex if removal of v and all edges incident tg
disconnect the graph. Anon-separable graph is a connected graph which has no
cut-vertex and ablock means a maximum non-separable sub-graph. A bsoakadyclic
block or simply cycle in which every vertex is of degree two.

The channel assignment problem is an engineeritgjgm in which the task is to
assign a channel (non negative integer) to eachdelid station in a set of given stations
such that there is no interference between statindghe span of the assigned channels is
minimized. The level of interference between any BM radio stations correlates with the
geographic locations of the stations. Closer gstatltave a stronger interference, and thus
there must be a greater difference between theiigeesd channels. In 1980, Hale
introduced a graph theory model of the channelassént problem where the problem
was represented using the idea of vertex colori8g.Vertices on the graph correspond to
the radio stations and the edges show the proxiofitthe stations. In 1991, Roberts
proposed a variation of the channel assignmentl@molin which the FM radio stations
were considered either "close" or "very close."o0%&!" stations were vertices of distance
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two apart on the graph and were assigned chanralgiffered by two; stations that were
considered "very close" were adjacent verticeshengraph and were assigned distinct
channels [29]. More precisely, Griggs and Yeh [@8fined thelL(2,1)-labelling of a
graph as a function f which assigns to every veattabel from the set of positive integers
such that the following conditions are satisfigdt:(v,) - f(v,)[=2 if the distance

betweenv,,v, , D(v,,v,),=1 and | f(v,)= f(v, )21 if D(v,v,)=2. L(2,1)

-labelling has been studied in recent years.

In 2001, Chartrand et al. introduced the radiodlate of graphs; this was
motivated by the regulations for the channel assmms in the channel assignment
problem [4]. Radio-labelling takes into considesatithe diameter of the graph, and as a
result, every vertex is related.

In 2013 Paulet al. investigated the problem df(0,1)-labeling on interval

graph [24]. In [27] Pauét al. shows thatd, ,(G) <A+w for interval graph and they
shows thatA, ,(G) <A +3w for circular-arc graph, wher& represents the size of the
maximum clique [25]. Also, Paat al. have shown thatl, ,(G) < max{4A - 2,5A -8}
and A,,(G) <A -1 for permutation graph [26, 28]. Later, In [30], Amathulla and Pal
have showed thad, ,(G) <A and A,,(G) < 2A for circular-arc graphs and they also
shown thatA,;, ,(G) <9A-6 and A, ,,,(G) <16A-12 for circular-arc graphs [31]. In

2017, Amanathulla and Pal shown that the upper bourfdd @,2,1)-labeling is
11A-8 if A<5 and it is13A-18 if A>5 for permutation graphs [33], and they
also proved thatl,,,(G)<6A-3 and A,,,,(G)<10A-6 for interval graphs [34].

By extending the idea ot (3,2,1)- abd L(4,3,2,1)-labeling of interval graph and
circular-arc graph they studied(h,,h,,...,h.) -labeling for interval graphs [32] and for

circular arc graphs [35] and obtained a tighterengpund of L(h, h,,...,h.) -labeling
for both interval graph and circular-arc graph. &uly, they have studied about surjective
L(2,1)-labeling of cycles and circular-arc graphs andehsivowed a good results for it
[36]. In 2018 Amanathullaet al. also have investigatetl(3,1,1)-labeling numbers of
square of paths, complete graphs and completetitgpgraphs [37] and obtained exact
result for each.

Practically, interference among channels may goheéywo levels.L(3,2,1)
-labelling naturally extends fronk.(2,1)-labelling by taking into consideration vertices
which are within a distance of three apart, bugiibains less difficult than radio-labelling.
In this paper theL(d,2,1)-labelling number for paths, cycles, complete gsaglbomplete
bipartite graphs and for Cactus Graphs is detenmiflee results of Clipperton et al [5] are
used as a basis for the unknown valiie

2. Preliminaries and definitions
The definitions and some notations used in thisiaeare adopted from those used by
Clipperton, Gehrtz, Torkornoo, and Szanizslo [5].
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Definition 1. Let G=(V,E) be a graph andf be a mappingf :V - N . The
distance between two such vertices is represented (v, ,v,) and the mapping off is
an L(d,2,1)-labelling of G if for all vertices v,,v, OV,
[ f(v)-f(v,)=d,if D(v,,v,)=1;

>2,if D(v,,v,)=2);

21,if D(v,,v,) =3).
Definition 2. The L(d,2,1)-number, k,(G), of a graphG is the smallest natural
number k; suchthatG has anl(d,2,1)-labelling with k; as the maximum label. An
L(d,2,1)-labelling of a graphG is called a minimalL(d,2,1)-labelling of G if,
under the labelling, the highest label of any vertek, (G).

If 1 is notused as a vertex label in &fd,2,1)-labelling of a graph, then every

vertex label can be decreased by one to obtairhendt(d,2,1)-labelling of the graph.
Therefore in a minimalL(d,2,1)-labelling, 1 will necessarily appear as a vertex label.

Definition 3. A graph G, where G = (V, E), is called a complete graph am vertices,
denoted byK , if for all vertices v, ,v, OV, (v,,v,)0E.

Definition 4. G is called a complete bipartite graph, denotedkay ., if the following

conditions are satisfied:
1. The set of vertice¥,, can be partitioned into two disjoint sets of ica$, A
and B, such that| A|I=m, |B|=n,and |V |=m+n.

2. For all a,a;0A, (a,a;) not belongs toE and for all b,b, 1B,
(b,b)0E

3.Foralla A andb; 0B, (a,b,)0E.

A star, denoted byS, , is the complete bipartite grapK, , ,. A star can also be

denoted byK, ,, where A represents the degree of the graph.

Definition 5. A graph G, where G=(V,E), is called a path, denoted b, , if
V ={v,V,,...,v.} such that only(v,,v.,,) JE wherel<i<n-1. A graph G is
called a cycle, denoted b§, , if V ={v;,V,,...,v.} suchthatonly(v,v,,)JE where
1<i<n-1and (v,v,)JE.

Definition 6. A Cactus GraphG is a graph in which every blocks are either edga o
cycle i.e, every edge contained only in one cycle.
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Shao [39] studied thed_(3,2,1)-labelling of Kneser graphs, extremely irregular
graphs, Halin graphs, and gave bounds for k{8,2,1)-labelling numbers of these
classes of graphs. Liu and Shao [38] studiedlti&,2,1)-labelling of planar graphs, and
showed that, , (G) <15(° -A+1) if G is a planar graph of maximum degrée
Clipperton et al. [5] determined thé&(3,2,1)-labelling numbers for paths, cycles,
caterpillars, n-ary trees, complete graphs and temmpipartite graphs, and showed that
As»(G) < (& + A% +3A) for any graphG  with maximum degree . Here we give the
upper bound for the paths, cycles, trees and santeafctus Graphs.

Theorem 1. [5] If G isagraphwith maximumdegree A, k,(G) < (A° + A% +34)

Corollary 1. [5] For L(d,2,1)- Labelling
ky(G)<(2d -1)A+3A(A-1)+A(A-1)* = A+ +(2d -3)A.

3. Complete and complete bipartite graphs
In this section we will find the minimal(d,2,1)-number, k, (Kn) or k,(K,,) for

complete and complete bipartite graphs.

Theorem 2. For complete graphs, k,(K,)=d(n—-1)+1 where n isthe number of
verticesin the graph.
Proof: Let K, be a complete graph with vertices. One vertex ifK,, must be labelled

with 1. As all other vertices are adjacent to each otheitwo vertex labels may have a
difference less thard . Thus, k,(Kn) =d(n-1)+1. O

Theorem 3. Let K, beacomplete bipartite graph with partitions A and B, where
|Al=a and |B|=b. Then, k,(K,,)=d+2(a+b)-3.

Proof: Every vertex in A is distance two from every other vertex A& and every vertex
in B is distance two from every other vertex B. Thus, the label on every vertex in
partition A must differ by at least two from the label on gvather vertex in partitionA

. Similarly, the vertex labels in partitioB must also differ by at least two. Additionally,
the difference between the maximum value Adfand the minimum value oB must
differ by at leastd . Since the labell must be used,

Ki(K,p)=d+2(@-1)+2(b-1)+1=d+2(a+b)-3. O
Corollary 2. For astar, K,,, ky(K;,)=d+2A-1.

Proof: Since a star is a complete bipartite graph vtk 1 and b= A, it follows that the
maximum K, (K, ,)=d+2A-1. [J
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4. Paths
In this section, we will find repeatable labellipgtterns for paths of length that
minimize k, (P,) . We will first look at cases ok,(P,) before generalizing tk, (P,) .

If d=6, we will find that the length of repeatable patgewill be 4 vertices. Lemma 1
and Theorem 3 have been adapted from the workmtezsey Clipperton et al [5].

Lemma 1. For a path on nvertices, P,,with n=8,k,(P,)>8.

1, ifn=1;
4, ifn=2;
6, ifn=3,4;
k.(P) =
+(F) 7, ifn=56,7;
8, ifn=8;
Theorem 4. For any path, P,,when d >4
1, ifn=1;
d+1, ifn=2;
ky(P)=4d+3, ifn=3,4;
d+5, ifn=5;

Thus from the above Lemmas and Theorems we conthade

Theorem 5. If G isapathwith maximumdegree A(=2) k,(G)<dA+2,forany d.

Lemma 2. For atree G with maximumdegree A, k,(G)<3d +2A -5, forany d =3.

Proof: First we rearrange the tree in such a way thatrabé possesses the maximum
degreeA . Label the root by 1. Then the vertices adjacethé are labelled by he numbers
from the sefd +1,d +3,d +5,...,d + 2A —1}. The vertices adjacent to the vertices of
level one are labelled with the numbers from the se
{3,5,...,2d+1,2d +2,...,2d + 2A -3} .
Vertices of next level are labelled from the §2{3,4,...,3d +1,3d + 2,...,3d + 2A -5}
For labelling of the rest vertices of the rest Ieva@an be selected from the set
{1,2,3,...,d+1,d+2,d+3,...,d+2A-1,2d +1,2d + 2,
2d+3,...,2d +2A-3,3d +1,3d +2,...,3d + 2A -5}.
Thus for any tree with maximum degrée, k,(G)<3d+2A-5, d=3. O

5. Cycles

In this Section we label the vertices of cydl# in the following manner: The labelling
pattern is{1,d +1,2d +1} for n=3, {1,d+3,3,d+1} for n=4
{1,d+3,3,2d+2,d+1} forn=5,{1,d+3,3,d+5,5,d+7} for n=6
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{1,d+2,2d+2,2,20+4,4,d+4} forn=7
{1,2d,d,2d +4,d +4,2,d+2,2d +2} for n=8
{1,d+1,2d+2,2,2d+4,5,d +5,3,d+3} for n=9
{1,2d,d,2d +2,d +2,2d +4,3,d +3,2d +3,d +1} for n=10
{1,d+1,2d+2,2,d+4,d+4,2d +2,1,4,d,2d +3} for n=11
{1,2d,d,2d +2,d +2,4,d+4,2,d +2,2d + 2} for n=12
and for cycle of any length can be labelled withximaum label 2d +4. Thus we
conclude the following theorem.
Theorem 6. If G isa cyclewith maximumdegree A(=2) , k,(G) <dA+4, for any
d=>3.

2d+a 2d+6

Figure 1:
6. Cactusgraphs

Cactus graphs are those in which every blocks #hereedge or cycle. Therefore an
individual path, cycle, tree or combination of@lthese is considered as cactus graph. The
maximum label for the combined graph with maximuragme A(>2) ,we get

k,(G) <dA, for any d>3. We illustrate this by an examplesgiin Figure 1. Hered =5
, and maximum labek, (G) obtained thereforésd which is greater equal tol +12,
2d+9, 3d+6, 4d+3.

Theorem 7. If G is cactus graph with maximum degree A, Kk,(G) <dA+4, for any
d=>3.
Proof: From the previous sections we have obtained thémuan label k, (G) for path,
tree, cycles individually which is less or equaldA +4. Also for combined graph it is
dA . Hence we conclude that if G is a cactus grapth witaximum degreeA ,
k,(G)<dA+4,forany d=>3. O
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