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[NEW SYLLABUS ]

GROUP-A
( Real Analysis-Il )

1. 'Answer any two questions : 15%2

(a) (i) Let{a, b]beaclosed and bounded interval
and a-functions™: [a, b] -> R be bounded
on [a, ). Prove that for any e(> 0) there
corresponds 8§ (> 0) such that

( Turn Gver )



(2)

U(P,f)<jf+e

KQO.f)>[f-«

for all partitions P and Q of [a, b]
havingnorm || P|| <3 and || O] <4.

If a function satisfies the above two
conditions then it is Riemann integrable
or not — Justify.

(ii) If o (x) is continuous in [a, b] and if

b
[a(x) A(x)dx =0

for every function A (x), continuous in
[a, b] such that i (a) = 0 = k (b), show
that o (x) = 0 for all x € [a, b].

(ii}) When - 1 <x £ 1, show that

m-yo

# lim [-L—dr=0.
1+ (3+3+2)+4+3
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(3)

_(b) (i) Prove that a bounded function f is
integrable on {a, b], if the sct of its
points of discontinuity has only a finite
number of limit points.

Hence or otherwise show that the
function [x], where [x] denotes the
greatest integer not greater than x is
integrable on [0, 3].

(if) State Second Mean Value thcorem of
integral calculus. A function f(x) is
defined on [0, 1] by

Prove that f(x) is Riemann integrable
. onf0, t]and

Wit

dt = ® --
!ﬂx) (5+3)(2+5
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{4)

{c} (i) State and prove Taylor's theorem for two
variables with Lagrange's form of
remainder. Hence show that for any
homogeneous function f(x, y) of degree
n, having continuous partial derivatives
upto any order

, P Vo
6x{+2xyaxgy+y By{_

n(n-1)f(x,y).

(i7) Show that fora>—1,

Converges to

a+l
Er( 2 J

Hence deduce that

® e sisaae
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(5)

2. Answer any two questions ; 8 x2

(a) (i) Letf:[a, B] bean integrable function for
all B>a and f(x)>0 V x2a.Prove
that the integral

[feae

is Convergent if and only if there exists
a positive real number X such that '

jf(x)dx<K

for all B> a.Is this theorem applicable
for the convergence of .

Jrexyax

where f(x) is not always positive for all
x 2 g or not ~ justify. |
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(6)

(i) Show that the integral

w -
I sinmx

xn

dx(m>0,a>0)

a

is convergent if n >0 and is absolutely
convergentif n> 1. B+1)+4

(b) (i) Letf:4—>RwheredC R*is aregion.
If (a, b) € Aand iff(x,y)is differentiable
at (a, b) then prove that f(x,y) is
continuous at (a, b) and both partial
derivative f, and f, exist at (a, b).

(ii) Prove that
[f i -2yldcdy=2n -
R

where R={-2,2;0,2]. 4+4

(¢) (i) Prove that the necessary condition for
the extremum of the function f(x,y, z)
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(7)

where x, y, z satisfies g(x,y,2)=0
(i.e. a constraint) and

%8 = 0, ar aa((f’g)) 0and %f)) =0.
(i) Show that '
Te"‘ sint dt,x20
1
is uniformly convergent. 4+4
3. Answer any one question : | 7 4x1

(a) Show that the function

fxy)=2x*-3x*y+y

has neither maximum nor a minimum at
0, 0). 4

(b) Show that

dedyds () 3
‘['Ux2+y2+(z—2)z_“(2 210g3)

extended over the sphere ¥’ +y* +22<1. 4
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GROUP - B
( Metric Space )

4. Answer any one question : Ex1

(a) (i) Let M denote the set of all bounded
sequences of real numbers. If x = {x,}
and y= {y,} are points in M, define

d(x,y)=1lubix, -yl
Isn<o _
Show that (M, d) is a metric space.

(if) Prove that a subset G of the metric space
(X, d) is closed if and only if its
complement G is open. 4+4

(b) (i) Let {x,} and {y,} be two sequencesina
metric space (X, d)and d(x,,y,) + 0 as
n ~» oo, Show that if {x,} is a Cauchy
sequence, then {y,} is a Cauchy
sequence or if {x,} converges to x of
A'then {y,} convergestox.

(if) State Cantor's intersection theorem and
also show that both the conditions in this
theorem are necessary. (2+2)+ @2+ 2)‘
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(9)

Answer any one question : : 4x1

(a) Ifdis a metric on a set X, then show that dis
also a metricon a set X where d (x,y)=

min {1,d (x,»)}Vx,y e X. 4

(b) Let (X, d) be a mctric space. Prove that
IntA=X-Cl(X-A). 4
Answer any one question : ' Ixi

(a) Let(X, d) be any metric spacc and 4 is a
non-empty subset of X. Then for allx, y € X

ld(x, 4)-d(y, A)|<d(x,y). | 3
(b) In a discrete space (X, d) show that every
subset X'is closed. 3
GROUP - C

( Complex Analysis )

Answer any one question 8§x1

(a) (/) Define stereographic projection of the
unit sphere in Euclidean space &° to the

extended complex plane.
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(10)

(i) Examine the continuity of the function
at z =0 where f(2) is given by
f(2)= %,z 20
= 5, z=0. | 4+4
(b) () Letf(z)=u+ivbean analytic function

in a region G. Show that both u and v
satisfy the following equation

Py 1oy 12y
o R i A

(ii) Show that the function u = x> — 3xy* is
harmonic and also find the corresponding
analytic function. 4+ 4

8. Answer any one question : | 2xl1

(a) If f is an analytic function prove that
TR ,
{?g? ' gﬁ}\f @f =tiraf. 2

(5) Show that f(z) = Re (z) is not differentiable

anywherein C. 2
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GROUP —-D

( Tensor Calculus )

9. Answer any one question : 8x1

{a) (i) Prove that co-variant derivative of
Tensor to type (0, 1) is a tensor of type
(0, 2).

(ii) If a7 is a symmetric tensor, show that

a’*|ij, k] = %a"‘ —i

where g, arc the components of the
fundamental tensor. 4+4

by O If ay # w is an invariant for an arbitrary
contravariant vector ', show that

-a. -+ a_is atensor.
g

(ii) Show that the Christoffel symbols of 1st
and 2nd kind are symmetricin /andj. 4 +4

10. Answer any one question: . 4x]

(a) 1fa (+0)are the components of a co-variant
tensor of order 2 such that ba&. +ea, = ]
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(1)

where b and ¢ are non-zero scalars show that
either b=c¢ and a . is skew-symmetric or
b=-cand a, is symmetric. 4

“(b) Prove that the fundamental tensors behave
in covariant differentiation as though they
were constants. 4

11. Answer any one question : Ix1

{a) Show thatin a Riamannian space

-t

where g = lg'_j| =0. 3

(b) What is quotient law ? Define inner product
of tensors. | 3
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