Chapter 7

Dombi m-polar fuzzy graphs

7.1 Introduction

The t-operators and max & min operators uplifted the fuzzy graph [17,86,134] and
little effort has been made to use new operators. Triangular co-norms (t-co-norms)
and triangular norms (t-norms) were presented by Menger [35]. Alsine et al. [36] have
demonstrated that ¢-conorms and ¢-norms are models for unification and intersection
of fuzzy sets(FSs). Since that time, for the same effect, lots of other researchers have
introduced different types of t-operators [37]. Zadeh’s conventional T-operators were
especially used in FG theory and decision making processes. This chapter defines join
and union, composition, cartesian product of two Dombi mPFGs. Some characteristics

of isomorphism are discussed as well as self complementary Dombi mPFG.

7.2 Some preliminaries
Definition 7.2.1. [145] A triangular norm (t-norm) is a binary operation T :
0,1]% — [0, 1] 4f 4t fulfills the following ¥ q,7 and u € [0,1]:

1) T(1,q) =q. (boundary condition)
2) T(q,r)=T(r,q). (commutativity)
3) T(q,T(r,s)) =T(T(q,r),s). (associativity)

4) T(q,r) <T(q,s) if r<s. (monotonicity)
93
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Definition 7.2.2. [145] A triangular conorm (t-conorm) is a binary operation S :
0,1]> — [0, 1] if there exists a t-norm T s.t. ¥V (s,t) € [0, 1)?
S(s,t)=1—-T(1—s,1—1).

Popular choices for t-norms are:
e The minimum operator M : M(s,t) = min(s,t).
e The product operator P : P(s,t) = st.

e The Lukasiewiczs t-norm W . W(s,t) = maz(s +t— 1,0).
Popular choices for corresponding dual t-conorms are:

o The mazimum operator M* : M*(s,t) = max(s,t).
o The probabilistic sum P* : P*(s,t) = s+t — st.

o The bounded sum W* . W*(s,t) = min(s+1t,1).

The Dombi family

1
t — norm >0

L+ [(S52)e + (B
1
t — conorm —:pu>0
L+ (52 + ()5

negation 1 —s.

The Hamacher family

st

t — norm >0
Q- +t—st) "

s+t+ (p—2)st
1+ (p—1)st

negation 1 —s.

t — conorm

@ >0

Another set of T-operators is

t
T(s,t) = —
s+t — st
s+t — 2st
S(s,t) = ——
(S ) 1— st

which s obtained by taking p = 0, in the Hamacher family and p = 1 in the Dombi

family of t-norms and t-conorms. Also P(s,t) < —L— < M(s,t) and M*(s,t) <

s+t—st
(s+t—2st) *
Ty < (s t).
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7.3 Dombi m-polar fuzzy graph
In this section, we defined Dombi m-polar fuzzy graph (Dombi mPFG) and different
types of product on Dombi mPFG.

(0.3,0.4,0.7) (0.5,0.6,0.4)
¢ (0.2,0.3,0.3) r
(0.2,0.3,0.5) (0.0.3,0.2) (0.3,0.3,0.2)
u (0,04,0.2) f g
(0.7,0.9,0.8) (0.1,0.5,0.3) (0.6,0.5,0.8)

Figure 7.1: Dombi 3PFG G.

Definition 7.3.1. An ordered pair G = (C, D) is a Dombi mPFG on underlying set
V where C : V. — [0,1] ia amPFSS in'V and D : V xV :— [0,1] is a symmetric mPF
; ) (pioC(9))(ioC(h)) .
relation on A s.t., p;o D(g,h) < 0T el —GieCanmeomy: ¥ i =1,2,...,m.
We call D the Dombi mPFES and C' the Dombi mPFVS of G.

Example 7.3.1. In figure 7.1, we consider Dombi mPFG over V. = {q,r,s,t, u}

_ q r S t U
where A = {(0.3,0.4,0.7)7 (0.5,0.6,0.4) (0.6,0.5,0.8)° (0.1,0.5,0.3) " (0.7,0.9,0.8)} and
B _ { qr rs rt qu ut }
= 1{02,0.3,03) (03,0.3,0.2)° (0,0.3,0.2) (0.2,0.3,0.5) (0,0.4,0.2) J *

7.4 Products on Dombi m-polar fuzzy graphs
In this section, we defined different types of products on Dombi mPFGs G; and
(5. These operations are Cartesian product, composition, direct product, semi-strong

product and strong product.

7.4.1 Direct product on Dombi m-polar fuzzy graphs
Definition 7.4.1. Let Gy = (V,Ch, D1) and Gy = (Va, Cy, Ds) be two Dombi mPFGs.
The direct product G; X Go = (Cy x Cy, D1 X Ds) of two Dombi mPFGs Gy and Gy,

as it follows ¥V i =1,2,...,m,
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oo _ (psoC1(51)) (pioCa(s2))
1) pi o (C1 X C2)(51,52) = Goe o) F(proCa(sn))~(proCr (1) roCa ()
i (81,82) S ‘/1 X ‘/2

.. o (pioD1(s1,t1))(pioD2(s2,t2))
i) pio (D1 X Da)((s1,82)(t1:82)) = GaBitoran) T (proDa(sa ta))- (proDi (o110} (proDat522))

i Sltl € E1 and SQtQ c E2

(0.8,0.9,0.9) (0.3,0.2,0.5)  (0.28,0.2,0.47) (0.67,0.65,0.82)

q S (q7 8) (CI7 t)
® ®
(0.14,0.07,0.2)
(0.14,0.07,0.2)
o
.r t (r, ) (r,t)
(0.4,0.3,0.5)(0.8,0.7,0.9)  (0.21,0.14,0.33) (0.36,0.27,0.47)
Gy Go G1 X Go

Figure 7.2: Direct product of two Dombi 3PFG G and G,.

Example 7.4.1. Consider two Dombi mPFGs G = (V1,C1, Dy) and Gy = (V3, Cs,
D,) where, Oy = { Gzo509) wa0s05 ) D1 = {@sozen ) @d C2 = {Ganzes:
m} Dy = {m} Then we have (Cy x Cs)(q,s) = (0.28,0.20,0.47),
(C1x Co)(r, 1) = (0.36,0.27,0.47), (Ch x Co)(q, 1) = (0.67,0.65,0.82), (C1 x C)(r, s) =
(0.21,0.14,0.33), (D1 x D2)((q, s)(r,t)) = (0.14,0.07,0.20) and (D1 x D2)((q,t)(r,s)) =
(0.14,0.07, 0.20).

Proposition 7.4.1. Let Gy and Gy be the Dombi mPFGSs of the graphs G5 and G5
respectively. Then G X Gy is the Dombi m PFG of G x G% where G1 X G is the direct
product of G1 and G.

Proof. Consider s1t; € Ey and ssty € Fy. Then V 1,
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pi o (D1 x Do)((s1,52)(t1,12))
(pi 0 Di(s1,t1))(pi © Da(s2,t2))
(pi o Di(s1,t1)) + (pi © Da(s2,t2)) — (pi © Di(s1,t1))(pi © Da(s2,t2))
= T(pi o Di(s1,t1),pi © Da(s2,t3))

T(pi o Di(s1,t1),

(pi 0 Ca(s2))(pi 0 Ca(ta) )
(pi 0 Ca(s2)) + (pi 0 Calta) — (pi o Ca(s2))(pi © Calt2)
( (pi 0 Ci(51))(pi 0 Ci(t))
(pi 0 C1(s1)) + (pi 0 Ci(t1) — (pi o Ci(s1))(pi o Ci(tr)’
(pi 0 Ca(s2))(pi o Colta) )
(pi 0 Ca(s2)) + (pi 0 Ca(t2) — (pi 0 Ca(s2))(pi © Cata)

(let, p; o Ci(s1) = w1, pio Ci(t1) = w2, pio Ci(s2) =1, pi o Ci(ta) = ya)
(z1)(z2) (Y1) (y2)
((z1)+(z2)—(z1)(z2))(y1)+(y2)—(y1)(y2))
(z1)(z2) (Y1) (y2)
z1)+(x2)—(z1)(x2)  (y1)+(y2)—(y1)(y2)

_ (z1)(z2) (Y1) (y2)
(#1)+(x2)— (1) (22)) ((y1)+(y2) —(¥1)(y2))

(z1) (y1) (w2) (y2)
—(z1)(y1))(z2)+(y2)—(z2)(y2))

Y1) + (z2)(y2)
(z1)+(y1)—(z1)(y1) (z2)+(y2)—(22)(y2)

_ (z1)(y1) (w2) (y2)
(z1)+(y1)—(z1)(y1)) ((z2)+(y2) — (z2) (y2))

(pi 0 (C1 x Cy)(s1,52))(pi © (C1 X Co)(t,t2))
(pi o (C1 x C3)(51,52)) + (pi o (C1 x Cy)(t1,t2))

—(pi o (C1 x Ca)(s1, 52))(pi © (C1 x Co)(ty,ta))

IN

IN

T

7.4.2 Cartesian product of two Dombi m-polar fuzzy graph
Definition 7.4.2. Let Gy = (V1,Cy, Dy) and Gy = (Va, Cy, Ds) be two Dombi mPFGs.
The cartesian product Gi0OGs = (C10Cy, D10Dy) of two Dombi mPFGs Gy and Gy
of the graphs G5 = (Va, E) and G = (V4, Ey), as it follows, for alli=1,2,...,m

; — (pioC1(r1))(pioC2(r2))
i) pio(CiDC,)(r1,12) = (piOC1(7"1))+(piOC;(r;))—(1%'0201(zrl))(PiOCz(r2))’ V (ri,r2) € Vi x Va.

.. . (p;ioC1(r))(pioDa(ras2))
ii) p; o (D100Dy)((r,72)(r, 52)) = (piocl(r))+(pifD2(71"232))10—(10;012(7»21))(ping(TQSQ)) for all r €
‘/1, V T92S9 € Eg.

_ (pioD1(r151))(pioC2(t))
iii) p; o (D10D,)((r1,8)(s1,1)) = (piODl(7'151))‘f(piolc2(1t)§_(§i°D21(7"151))(pi002(t)) Vs € En,
for allt € V.
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(0.2,0.37,0.7) (0.17,0.28,0.64)

<

® ® (¢,5) (0.13,0.23,0.47)  (q,?)

® ®
(0.2,0.3,0.5)
(0.2,0.1,0.3) (0.15,0.09, 0.27) (0.13,0.08,0.26)

o o
® L J

q s (r,s) (0.16,0.13,0.28)  (r,t)

o G (0.28,0.17, 0.36) (0.23,0.15, 0.34)

G,0G,

Figure 7.3: Cartesian product of two Dombi 3PFG G, and Gs.

Example 7.4.2. Consider two Dombi mPFGs G = (V1,C4, Dy) and Gy = (Va, Co, Ds)

s t
{ (0.3,0.5,0.9) (0.5,0.2,0.4) } Dl { (0.2,0.1,0.3 } and 02 { (0.4,0.6,0.8) 7 (0.3,0.4,0.7) }’

where, C =

—5)} Then we have
DyODy((q, 8)(r, s)) = (0.15,0.00,0.27),
DyODy((r, s)(r,t)) = (0.23,0.15,0.34),
D\ODs((r,t)(q,t)) = (0.13,0.08,0.26),
D,0Ds((q,t)(gq, s)) = (0.13,0.23,0.47).

Therefore G1JG5 s not a Dombi mPFG.

)
)

Definition 7.4.3. If mPF membership degree of each of the Dombi mPFG G is come
from [0, 1] and every vertex in G is crisp, then G is the Dombi m PF edge graph(Dombi
mPFEG).

Proposition 7.4.2. The cartesian product GilJG5 of Gy and Gy is Dombi mPFG of
G1OGS, where Gy and Gy be the Dombi mPFEGSs of the graphs G% and G7.
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Proof. Consider r € Vi, roty € Es, then

pi o (D:ODo)((r, r2)(r, s2))
(pi 0 C1(r))(pi © Da(r2, 52))
(pi 0 C1(r)) + (pi © Da(ra, s2)) — (pi 0 C1(r))(pi © Da(ra, s2))
= T(pi o Ci(r),pi o Da(rs,52))

= T(Lpi o D2(7”2; 52))

= Ppi© D2(7"27 52)

(pi © Ca(r2))(pi © C(s2))
(pi 0 Ca(ra)) + (pi 0 Ca(s2)) — (pi 0 Ca(r
(pi o (C10C5)(R)) (pi o (C10C)(S5))
(pi o (C1OCR)(R)) + (pi o (C1OCL)(5)) — (pi 0 (C1IC2)(R)) (pi © (C1OC)(5))
where, R = (r,r3), S = (r,82).

2))(pi 0 Ca(s2))

Consider t € V5, ris1 € Eq. Then

pi o (D10Ds)((r1,1)(s1,1))
(pi 0 Di(r1, 51))(pi © Ca(1))
(pi © Di(r1,81)) + (pi 0 Ca(t)) — (pi 0 Di(r1,51))(pi © Ca(t))
= T((pio Di(r1,51),pi 0 Ca(t))

= T(p;oDy(r1,51),1)

= pio° Dl(ﬁ, 81)
(pi 0 C1(r1))(pi o Ci(s2)

~—

= Bio i) + (i o Ci(51)) — (i o il e Cis )

_ (pi o (C10C,)(U))(pi o (C10C,)(V))
(pi o (C10C)(U)) + (pi o (C1OC2)(V')) — (pi o (C1EC2)(U))(pi © (C1HC,)(V))
where, U = (r1,t), V = (s1,1).

Hence proved. O

Example 7.4.3. Taking two Dombi mPFG G, = (V1,Cy, Dy) and Gy = (Va, Co, Ds),
where Cy(x) = (1,1,1) V. € V} and Dy = {m} Co(y) =(1,1,1) Vy eV, and

st

D2_{(050406) (©
s)(q,t)) = (0.5,0.4,0.6),

30507)} Then we have,

DiODs((q,

D\ODs((q,1)(g, 1)) = (0.3,0.5,0.7),
D,0ODs((r, s)(r,t)) = (0.5,0.4,0.6),

D,ODy((r,t)(r,u)) = (0.3,0.5,0.7),

DODs((gq, s)(r,s)) = (0.6,0.7,0.9),
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(4,5) (0.6,0.7,0.9) (1,5

; . ’
. (03,0.5,0.7 (0.5,0.4,0.6) (0.5,0.4,0.6)
®
q,1 [ ) (’l“,t)
(0.6,0.7,0.9) t @ (2.1 (0.6,0.7,0.9)
(0.3,0.5,0.7) (0.3,0.5,0.7)
o
7(0.5,0.4,0.6
® (z u) (0.6,0.7,0.9) ﬁ u)
Gl G2 GlDGQ

Figure 7.4: cartesian product of two Dombi 3PFEG G, and Gs.

D,0Dy((q,t)(r,t)) = (0.6,0.7,0.9),
D,0Ds((q,u)(r,u)) = (0.6,0.7,0.9).
Here we get G1UG; is the Dombi mPFEG of Gi0UGS.

Definition 7.4.4. Let Gy = (V4,C1, D1) and Gy = (Va, Cy, Ds) be two Dombi m PFGs.
The semi strong product G, @ Gy = (Cy @ Cy, D1 @ Dy) of the Dombi mPFGs Gy and
G1 of G5 = (Va, Es) and G = (V4, Ey) respectively as follows:

. _ (pioC1(51))(pioC2(s2))

i) pio(CreCy)(s1,s2) = (piool(51))—&-(21-00;(5;))—1)(]),-0201(251))(])1-002(82))’ V (s1,82) € Vi x Va.

. _ (pioCi(s))(pioDa(s2t2))

ii) pio (D1 e Do)((s,52)(s,t2)) = (pioC1(S)H(Pisz(}92'52))13—(1)1'3012(;1))(pi0D2(S2t2)) Vsev,
A Sztg € Ez.

_ (pioD1(s1t1))(pioD2(s2;t2))
iii) p; o (D1 e Da)((s1,52)(t1,t2)) = (pioDl(sltl))-i-(;)ioDzl(sgl,tlg))f(piOQDjSthl))(Pi0D2(82,t2))

W Sltl < El, A 82t2 S EQ.

Proposition 7.4.3. Let Gy and Gy be the Dombi mPFGSs of the graphs G5 and G5
respectively. The semi strong product G, @ Gy is the Dombi m PFEG of G e G.
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Proof. Consider s € Vi, soty € Fy. Then

pio (D1 e D2)((s,s2)(s,92))

(pi 0 C1(5))(pi © Da(s2,12))
(pi 0 C1(s)) + (pi © Da(s2,t2) — (pi 0 C1(s))(pi © Da(s2,12)
= T(p; o Ci(s),pi 0 Da(s2,12))

= T(1,p; 0 Dy(s2,13))

= p; o Dy(s9,t)

(pi © Ca(s2))(pi 0 Co(s2)
(pi 0 Ca(s2)) + (pi 0 Ca(s2)) — (pi o Cof

(pi o (C1 0 C9)(S)
(pi o (Cr 0 Co)(S)) + (pio (Cr e Co)(T)
where, S = (s,82), T = (s,t3)

)
s2))(pi 0 Ca(s2))

)(pi o (Cr @ Co)(T))

) — (pio (C1 e Ca)(S))(pio(CreC:)(T))

Consider,

pio (D1 e Dy)((s1,t1)(s2,t2))
_ (pi © Di(s1,t1))(pi © Da(s2,t2))

(pi © Di(s1,t1)) + (pi © Da(s2,t2)) — (pi © Di(s1,1))(pi © Da(s2,t2))
= T(pi o Di(s1,t1),pi © Da(s2,t2))
< T (pi 0 Ci(s1))(pi 0 Ci(t))
= pioCi(s1)) + (pio Ci(t1)) — (pi o Ci(s1))(pi 0 Ci(th))

(pi © Ca(s2)) (i © Ca(l2)) )
(pi 0 Ca(sa)) + (pi 0 Calta)) — (pi 0 Ca(s2))(pi © Caltz))

Putting k = p; 0 C1(s1), I = p; o Ci(t1), m = p; 0 Ca(sg), n = p; o Cy(ts)

pio (D1 e Dy)((s1,t1)(s2,t2))
< 7 kl mn

k—l—l—kl’m—irn—mn)
klmn
(k+1—Kl)(m+n—mn)

kl + mn _ klmn
k+1—kl m+4n—mn (k+1—kl)(m+n—mn)
klmn

(k+m—km)(l4+n—In)
km + in . klmn
k+m—km l+n—In (k+m—km)(l4+n—In)

(pi © (C1 @ C3)(5))(pi © (C1 @ C)(T))
(pi o (C1 @ C2)(5)) + (pi o (Cr @ Co)(T)) — (pi o (Cr @ C2)(5))(pi © (Cr @ Co)(T))
where, S = (s1,52), T = (t1,t2)
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r t (¢.s) (04,07,08) (q,1)
L4 °
(0.34,0.59, 0.7
(0.7,0.8,0.9) (0.4,0.7,0.8)
(0.34,0.59,0.73)
* )
q 5 (r,s)  (0.4,0.7,0.8) (r,1)
Gl G2

Gl.GQ

Figure 7.5: Semi strong product of two Dombi 3PFEG G; and Gs.

Example 7.4.4. Here two Dombi 3PFEGs Gy and Gy with ¢, = {{2D QLD
{(0'7’0'8’0'9)} and Cy = {L i b L 1)} D, {W} Then we have,

(Dl e D5)((q,s),(q,t)) = (0.4,0.7,0.8)

(Dy @ Dy)((r,s),(r,t)) = (0.4,0.7,0.8)

(B @ B2)((q, ), (r,t)) = (0.34,0.59,0.73)

(By e Bs)((q,1), (r, 5)) = (0.34,0.59,0.73)

Definition 7.4.5. The strong product G B Gy = (Cy B Cy, D1 B Ds) of the Dombi
mPFGs Gl = (‘/I,Cl,D1> cmd G2 = (‘/2702,_D2) Of GT = (%,El) and G; = (‘/Q,EQ)

respectively, as follows V 1,

. _ (pioCi(s1))(pioCa(s2))

i) pio(C1BC)(s1,52) = (piOCl(51))+(Z¢OC;(S;))—p(piOzCl(251))(Pi002(s2))’ V (s1,82) € V1 x Vo

.. o (pioC1(s))(pioD2a(sat2))

11) pi © (Dl = D2)<<S’ 82>(8’ tz)) o (piool(S))‘f‘(pifDQ(LQtQ))Zi(pizClQ(SQI))(piODQ(SQtZ)) Vse Vl’
V Sth - E2.

iii) ‘ (D B D )((8 )(t t)) _ (pioD1(s1t1))(pioCa(t)) YV st € E

pi o (D8 D2)((51, 1)1, (pioD1 (s161))+(pioCa(0) —(pio D1 (s161)) (picCa (D) * 7101 = 1

and ¥V t € V;.

. o (pioD1(s1t1))(pioDa(s2:t2))

IV) bi© (Dl H D2)<<317 x2)<y17 y2)> - (pioDl(Sltl))—‘r(]iOD21(8217t12))f(Pi02D12(512t1))(piODQ(527t2))

i Sltl € El, A SQtQ € EQ.

Proposition 7.4.4. The strong product G\HGy of Gy and Gy is the domain mPFEG
of G1 B G35, where Gy and Gy be the Dombi mPFGs of the graphs G% and Gf.

Proof. This proposition is proof from the using of proposition 3.9 and 3.12. m
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Example 7.4.5. Consider two Dombi mPFG Gy = (V1,C1, D1) and Gy = (Va, Cy, Ds)
where C1(s) = (1,1,1) V s € V} and D, = {W}, Co(s)=(1,1,1) Vs €V, and
Dy = {©30B08 Then (D, B Dy)((g,u)(g,v)) = (0.3,0.5,0.8)

(D1 8 Dy)((r,u)(r,v)) = (0.3,0.5,0.8)
(D18 Dy)((q,u)(r,u)) = (0.6,0.7,0.8)
(D1 8 Ds)((g, v)(r,v)) = (0.6,0.7,0.8)
(Dy B Ds)((q, u)(r,v)) = (0.42,0.41,0.67)
(D1 B Ds)((q,v)(r,u)) = (0.42,0.41,0.67).
r v (g, ) (0.3,0.5,0.8)  (q,v)
° 'Y S ®
(042,041, (@/
(0.3,0.5,0.8) \
(0.6,0.7,0.8) (0.6,0.7,0.8) / 0.6.0.7,08
/// (0.42, 0.41%
Y/ % Q{u) (0.3,0.5,0.8) ?? v)
G Go G B G,

Figure 7.6: Strong product of two Dombi 3PFEG G, and Gs.

Definition 7.4.6. The lexicographic product G1]|G3] = (C10Cs, Do Ds) of two Dombi
mPFGs Gy = (V1,C1, D1) and Gy = (Va,Cy, Dy) is defined as, V 1,

. _ (pioCi(s1))(pioC2(s2))
i) pio(CroCy)(s1,s2) = (pz-oCl(51))—&—(21-00;(3;))—1)(]),-0201(231))(1)1-002(52))’ V (s1,82) € Vi x Va.

. o (pioC1(s))(pioDa(sat2))
ii) pio(DroDy)((s,s2)(s.t2)) = (Pz'OC1(s))+(p¢fD2(Lleztz))li(piin(jl))(PiODz(sztz)) Vsen,
V soty € Fs.

_ (pioD1(s1t1)) (pioCh (%))
iii) pio (D10 Dy)((s1,0)(11,1)) = Grobrtm)t(pioCa () (proDs (510 ioCa )
VsltleEl anthEVg

iv) p;o (D1 o D2)((s1,81)(s1,t2))

_ (pioCa(s2))(pioCa(t2))(pioDi(s1,t1))
— (pioCa(s2))(pioCa(t2))+(pioC2(t2))(pioD(s1,t1))+(pioCa(s2)) (pioD1(s1,t1))

V Sltl - El, S92 7£ t2'

—2(p;oC2(s2))(pioC2(t2))(pioD1(s1,t1))

Proposition 7.4.5. The lezicographic product G1[Gs] of two Dombi mPFG of G}
and G3 is the Dombi mPFEG of G7[G3).
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Proof. Using the proposition 3.12, we get V 7.

(pioCi(s))(pioDa(s2t2))
© (D1 o Do)((s,52)(s,t2)) = (pioC1(s))+(pioDa2(s2t2))—(pioC1(s1))(pioD2(s2t2)) VseW,

A Sgtg € EQ.
And
_ (pioCi(s))(pioDa(s2t2))
© (D10 Da)((s,52)(5:12)) = Grocimmvrobatsata)) - (reoCi s GieDateatay ¥ S € V1
A $2t2 € EQ.

Now for s1t; € Ey, so # to. Then

o (D10 Dy)((s1, 2)(t1,t2))

(let, pio Ca(sy) =S, pioCyty) =T)

(S)(T)(pioD1(s1,t1))
— ®DHT )(PioDs1,t1))+(S)(pioD1(s1,t1)) —2(S)(T) (pioD1(s1,:t1))

( ((pz001(81))7(pi001<t2)))7(piOD1<517t1))>
T(T(1,1),(pi o Di(s1,t1)))

(pi 0 Di(s1,11))
(pioCi1(s1))(pioC(t1))
(pioC1(s1))+(pioC(t1))—(pioC1(s1))(pioC(t1))
_ (pio(C10C2)(s1,52)) (Pio(C10C2) (t1,t2))
T (pio(C1oC2)(51,52))+(pio(C10C2) (t1,t2)) —(pio(Cr0C2)(s1,52)) (pio(C10C2) (t1,t2))

Hence proved. O

IN

Example 7.4.6. Consider two Dombi mPFG Gy = (V1,C1, D1) and Gy = (Va, Cy, Ds)
where Cy(z) = (1,1,1) V2 € V] and Dy = {(0'2’2#}, Co(x) = (1,1,1) V z € Vs,
D, — {(0.5,0.6,0.9)’ (0.3,0.5,0.7)} Then

st

(Dy 0 D3)((g,s)(r,s)) =(0.2,0.4,0.7), (D o D3)((a,d)(b,d)) = (0.2,0.4,0.7),
(Dy o Do)((q,u)(r,u)) = (0.2,0.4,0.7), (D1 o D3)((a,c)(a,d)) = (0.5,0.6,0.9),
(D10 D3)((gq,t)(q,uw)) = (0.3,0.5,0.7), (Dy o Ds)((b,c)(b,d)) = (0.3,0.5,0.7),
(D1 o Dy)((r,t)(r,u)) = (0.3,0.5,0.7), (D1 o Ds)((a,c)(b,d)) = (0.2,0.4,0.7),
(Dy o Dy)((r,8)(q,t)) = (0.2,0.4,0.7), (D1 o D3)((a,d)(b,e)) = (0.2,0.4,0.7),
(D10 Do)((q,u)(r,t)) = (0.2,0.4,0.7), (D1 o D3)((a,c)(b,e)) = (0.2,0.4,0.7),
(Dy 0 D9)((q,u)(r,s)) = (0.2,0.4,0.7).

Definition 7.4.7. Let C; be a mPF subset of V; and D; be a mPF subset of Ej;,
for i = 1,2. Define the union G1 U Gy = (C1 U Cq, D1 U Dy) of the Dombi mPFGs
G1 = V1,01, Dy) and Gy = (Va,Cy, Dy) as follows:
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(¢:5)  (0.2,0.4,0.7) (r,s)
X & .
. \\\\ \\\\\ (9 /2:/0/ ) 4’ 07)
N\ (0.2,04,07) /
\ \\ /// /
0.5,0.6,0.9 \ /0 (03,05,07)
r (0.5,0.6,0.9) (02,0407
/X/ /\/(\‘
¢ N\ (0/2,0.4,0.7)
/// \ // \\
/ \ / AN

(4, @ @ )

(02\, .4’/ ’/7) \\\\ j/,/ (027 04’ 07)
//\l\{\\\\ //\X\/
(0.3,0.5,0.7) ,><\ (0.8,0.5,0.7)
q // \\
‘S (¢, w) (0.2,0.4,0.7) (r, u)
G1 G2 Gl © G2

Figure 7.7: Lexicographic product of two Dombi 3PFEG G, and Gs.

;

pioCi(s), if seVi\V,

pio (CLUCY)(s) = pioCy(s), if seVa\ W]

(PioC1(8))+(pioCa(s))—2(pioCi(s)) (pioCa(s)) if s€ViNVy

\ T—(pioC1 () (pioCa(s)) )

pi © Dl(St), ’lf st € E1 \ E2

;

pio (DU Ds)(st) = q p;o Dy(st), if ste BEy\ By

(pioD1 (st)+(pioDa(st)) —2(pioDi (st)) (pioDa(st)) -
; 1—(pioD1(st))(pioDa(st)) , if st € ExNEy

\

Example 7.4.7. We consider two Dombi mPFGs G1 and G5, where

o) = {(0.5,0.6,0.8) (0.8,0.9,0.7)7 (0.5,0;3,0.7)}’ D, = {(0.4,0.5,0.5) (0.4,0.5,0.5)’ (0.3,0.4,0.5)} and

q ) r qr ) s sq
_ ¢(0.2,0.4,0.6) (0.7,0.8,0.9) (0.6,0.7,0.8) _ ¢(0.1,0.3,0.5) (0.4,0.5,0.7) (0.1,0.3,0.5)
C12 - { q ) r ) t }; D2 - { qr ) rt ’ qt }

_ ((0.5,0.6,0.7) 0.6,0.7,0.8 (0.55,0.68,0.84) (0.86,0.92,0.92)
Then we have, Cy U Cy = { =777, =502, . , ;. }
0.43,0.58,0.75 .4,0.5,0.5 (0.4,0.5,0.7) (0.1,0.3,0.5) (0.3,0.4,0.5
DyU D, = {4 ) 040505 ( ) ) ¢ .
qr ’ S ? rt ’ qt sq
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(0.4,0.5,0.5) (0.4,0.5,0.5)  (0.1,0.3,0.5)

(0.3,0.4,0.5)

G \ G

(0.3,0.4,0.5)

(0.1,0.3,0.5

(0.43,0.58,1)

(0.4,0.5,0.5)

G1 UG,

Figure 7.8: Union of two Dombi 3PFG G and G,.

Theorem 7.4.1. Let Gy = (V,Cs, Do) and Gy = (V4,C4, Dy) be two Dombi mPFG
of the graphs G5 = (Va, Ey) and G} = (W1, E1), where Vi N Vy = ¢. Then the union
G1 UGy of Gy and G4 is the Dombi mPFG of G, U Gs.

Proof. Suppose G5 and (G are the Dombi mPFG of the graphs G and G7 respectively.
Consider, st € E; \ E,. Then V i,
pi o (D1 U Dy)(st)

= p’L O Dl(st)

< (pioC1(s))(pioCi (1))

— (PioC1(s))+(pioC1 (1) —(pioC1(s)) (pioCi (1))

(pio(C1UC2)(s)) (pio(C1UCH)(1)) _
= Be(CiU0) )+ (ro(CLUC) (D)~ (pioCh (s) (rre(@ T @) &5 V1N V2 = ¢

Similarly, if st € Ey\Fy

. (pi0(C1UCH)(5)) (pio(CLUCH) (1))
Then V4, p; o (D1 U Ds)(st) < GE0635)) 4 (ri0(Cr 00 ()= (100 5))(

And as Vi NV = ¢ so By N Ey = ¢.
Hence G U Gy is the Dombi mPFG of G} and G5. [

:0(C1UC2)(1))
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Definition 7.4.8. The ring sum Gy ® Gy = (C1® Co, D1 ® Dy) of the Dombi m PFG's
G1 = (C1,Dy) and Gy = (Cy, Dy) is defined as for all i,
pio (C1 @ Cy)(s) =p; o (CLUCY)(s) if s € ViUV,

(

pi © Dl(St), Zf st € E1 \ E2

pio (D1 @ Ds)(st) =  pio Dy(st), if st Ey\ E

0, if st€ EyNE,

\

Theorem 7.4.2. The ring sum G1 & Gy of two Dombi mPFGs Gy and Gy of G and
G35 is the Dombi mPFG of G} ® G5.

Proof. At first, we consider st € E; \ Es. Then there aries three possibilities
i)s,t € V1 \ Va

i)s e Vi\Vo,y e V1NV,

iii)s,t € V1 N V.

i) Suppose s,t € V; \ Va. Then V i,
pi o (D1 @ Dy)(st)

= p; o Dy (st)

< (pioC1(s))(picCi (1))
— (pioC1(5))+(pioC1(t))—(pioC1(s))(pioCi(t))

= T(pi o C1(s),p; o C1(t))

=T (p; o (C1 ® C3)(s),p; o (C1 & Cs)(1))

_ (pio(C18C2)(s)) (pio(C16C2) (1))
(pio(C180C2)(s))+(pio(C18C2)(1)) —(pio(C18C2)(s)) (Pio(C18C2)(t))

ii) Let s,t € Vi1 \ Vo, t € ViNV;. Then, p; o (D1 @ Ds)(st)

= p; o Dy (st)

< (pioCi(s))(pioCi(t))
= (pioC1(5))+(pioC1(t))—(pioC1(s)) (pioC1(t))

= T(p; o Ci(s),pi o Ci(1))

= T(pi o (CL ® C2)(s), pi 0 C1(1)) (2)
Now we know, for all i,

(pioCi(t) —1)? 20

or, (pio Ci(t))? —2(pioCi(t)) +1>0

or, 1 —2(p; 0 Cy(t)) > —(p;io Cy(t))?

or, {1 =2(p; 0 C1(t)}pio Ca(t)) = —(pi o C1(t))*(pi © Ca(t))

» (pio Ci(1)) + (pi o Ca(t)) — 2(pi o Ci(t))(pi 0 Ca(t)) = (pi o Ch(2))

O

3
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— (pio Cy (t))Q(Pi o Cy(t))

(pi0C1 (1))-+(pi0Ca (1)) ~2(pioCa (1)) (pioCa (1)) .
e e ety 2 (Pie Gi(?)) (i)

or,

Then from (i) and (i7) we get,

pio (D1 & Dy)(st)

T(pi o (Cy @ Co)(s),pi o Ci(t))

(pi 0 C1(t)) + (pi © Ca(t)) — 2(pi © Ci(t))(pi © Ca(t))
felGe ) T= (o GO 0 Col0) )
T(pio (Cr® Ca)(s),pio (C1 & Co)(1))

v

IN

iii) Suppose s,t € V3 N V;. Then we get,

pio (D1 @ Dy)(st) = pio Di(st)

< T(p;oCi(s),pio Ci(t))

Similarly, as from (i)

o Ch (s (pi © C1(s)) + (pi © Ca(s)) — 2(pi © Ci(s))(pi © Ca(s))
B0 Cile)) = T— (50 Cu())(pi 0 Cas))
= pio(C1® Cy)(s)

o (pi 0 Ci(t)) + (pi 0 Ca(t)) — 2(ps 0 C1 (1)) (pi 0 Ca(1))
pioG) < T (o C1{D)(p1 0 Col0)
= pio(Cy & Cy)(t)

So,

Ppi © (Dl D Dz)(st)

IN

T(Pi © Cl<3)api © Cl(t))
< T(pio (Cr® Cy)(s),pio (Crd Co)(t))
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Again by symmetry, for st € Ey \ Ej, in the three possible case:

P; © (D1 &) Dg)(St)
T(pi © 01(8),]%' © Cl(t))
< T(p;io(Cy @ Cy)(s),pio (Ch & Cy)(1))

(let, (Cl ©® CQ)(S) = S, (Cl D CQ)(t) = T)
(pioS)+(pioT)
(pioS)+ (pioT)— (pioS)(pioT)

IN

Hence proved.

]

Definition 7.4.9. Let G; = (C1,D;) and Gy = (Cs, D) be two Dombi mPFG. A
homomorphism between G and Go is a mapping ¢ : Gy — G4 satisfies the condition,

V1,
1) pioCi(s) < pioCy(e(s)) Vsel.
2) pio Di(st) < pio Da(g(s), ¢(t) ¥V st € Vi

Definition 7.4.10. Let Gy = (C1, D1) and Gy = (Cy, D3) be two Dombi mPFG. Then
an isomorphism between G, and Gg is a mapping ¢ : Gu — G satisfies the condition,

vV
1) pioCi(s) = pio Ca(d(s)) V s € V1.
2) pi © Dl(St) = P; © D2(¢(S), ¢(t)) VY st € El.

Definition 7.4.11. A week isomorphism ¢ : G1 — G4 is a bijective mapping between
G and Gy which satisfies

1) pioCi(s) =p; o Ca(p(s)) V s € 1.

Definition 7.4.12. A co-week isomorphism ¢ : Gy — Gy is a bijective mapping

between G1 and G which satisfies,
1) Vi, p;o Di(st) = p; o Da(¢(s), ¢(t)) V st € V.

Definition 7.4.13. A Dombi mPFG G = (C,D) is called self-complementary if
G=(C,D)=G=(C,D).
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Definition 7.4.14. Let G = (C, D) be a Dombi mPFG of the graph G* = (V, E).
Then the complement of G is a Dombi mPFG G = (C, D) where C(s) = C(s) Vs €V

and D is defined as ¥ 1,
(pioC(s)) (pioC(t))

) - _
— oC (s o oC(s o ) Zf pioD(S7t) _07
poD(s,1) = | TOETH o0 CTCw)
(pi0C(5)) (pioC(1) -
N FeC O~ (poC ey — Pi o D(s:), if 0 <pioD(s,t) < 1.

Example 7.4.8. Consider a Dombi mPFG G = (C, D) of a graph G* = (V, E) where

V = {q,r, 5t} and E = {qr,rs,qt}. Then C = { 0.3,0.5,0.6) (0A2,053,o.5) (0.6,0.7,0.9)

(0.2,0.4,0.6)} and D = {(0.14,0.23,0.38) (0.17,0.26,0.47) (0.14,0.28,0.42
qr ’ rs ’ qt

Dombi mPFG is G = (C, D) where C(s) =C(s)Vs€V and D = {017034056)7
}-

(0.25,0.41,0.56) (0. 11,0.2,()‘37
qs !

}. Now the complement

Proposition 7.4.6. Let G = (C, D) be a self complementary Dombi mPFG, then

, (pzoC( ) (PioC(t))
gé:tpl °Dls1) = Z (pioC(s))+(pioC(t)) = (pioC(s)) (pioC (1)) *

Proof. Let G be a self-complementary Dombi mPFG. So there is an bijective mapping
o:V —=>Vst. Vi

1) pioC(s) =p;oClé(s)) Vs eV
2) pio D(st) = p; o D(é(s), ¢(t)) V st € E.

Let, (pio C(4(s)) =S, (p;o C(¢(t)) = T. Then, V i,

or, p;oD(st)=

or, Y pioD(s,t)+ Y pioD(d(s) 6(t) =

s#t sF#t
Z (pz © C<3))<pz 0 C<t>>
~ (pi© C()) + (pi 0 C(1)) = (pi 0 C(5))(pi © C(1))
Dl (pi© C(s))(pi 0 C (1))
2;“ Pl ;<pioc<s>>+<pioc<t>>—<pioc<s>><pzoo<t>>
N (p: 0 C(s))(ps 0 C (1))
o 2P0 =5 BT (o CW) - (0 O 5 CT)
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Proposition 7.4.7. The complements of two isomorphic Dombi m PFGs are isomor-

phic and conversely.

Proof. Let G; and G5 be two isomorphic Dombi mPFGs. So there is a bijection
mapping ¢ : G; — Go s.t. Vi,

1) pioCi(s) =pioCop(s)) ¥V s € V.
2) p;o Di(st) = p; o Da(o(s), p(t)) V st € Ej.

Now we have,

(pi o Ci(s))(pi o Ci(1))
(pi 0 Ci(8)) + (pi o Ci(t)) — (pi o Ci(s))(pi o Ci(t))
(pi 0 C2(8(s))) (pi © Ca(o(2)))
(pi 0 C2(d(s))) + (pi 0 C(9(t))) — (pi 0 Ca(&(s))) (pi © Ca((2)))
—pi o Da(9(s), 9(t))

bio Dl(sat) =

—Dpio Dl<37t)

= pio Da(o(s), 6(t))

Hence, G; = Gs.

Similarly, we can prove the converse. O

Proposition 7.4.8. Let G = (C,D) be a Dombi mPFG with ¥ i, p; o D(s,t) =

1 (pioC(s))(pioC(t)) ;
3 (piOC(s))+(§)iOC(t))f)(pioC(s))(pioC(t)) Vs, t € V. Then G is self complementary.

Proof. Let G = (C, D) be a Dombi mPFG with V 1,
pi© D(Sv t) =

1 (pioC(s))(pioC(t))
2 (pioC(s))+(pioC(t))—(pioC(s)) (pioC(t)) VsteV.

Now we consider an identity mapping [ : V' — V which is an isomorphism from G

to G. Clearly V i,

pioC(I(s)) = p;oC(s)
= p;ioC(s)
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Again,
pio D(I(s),1(t))
= p; 0 D(S, t)
_ (pi © C(s))(pi 0 C(1)) o D(s
= e CE) + (o C) — (e CNwa0m) 7P
_ (pi 0 C(5))(ps 0 C (1)) )
(pi o C(s)) + (pio C(t)) — (pi o C(s))(pi o C(1))
1 (pi o C(s))(pi o C(t))
2(pioC(s)) + (pio C(t)) — (pi o C(s))(pi 0 C(1))
_ 1 (pi 0 C(s))(pi o C(1))
2(pioC(s)) + (pio C(t)) — (pi o C(s))(pi 0 C(1))
= pioD(s,t)
So, (G is self-complementary. n

Proposition 7.4.9. Let Gy and Gy be two weak isomorphic Dombi m PFGs. Then

the complements of G1 and Gy are weak isomorphic.

Proof. Let G; and G5 be two weak isomorphic Dombi mPFGs. So there is a bijective
mapping ¢ : V7 — V5 satistying for all 4,

1) pioCi(s) = p; o Ca(p(s)) for all s € V.
2) p;o Di(s,t) = p; o Do(p(s), ¢(t)) for all (s,t) € Ey

Now, p; 0 Di(s,t) < p; o Da(¢(s), o(t))

(pioCi1(s))(pioCi(t))
PioC1(8))+(pioC1(t)—(pioCi(s))(pioCi()))

or, p;o Di(s,t) — (

| B (pi0C1 () (pioC1 (1))
< pi 0 Da(¢(s), 9() = Gratr o)) F(pioCh (1) (pioCr () 71001 0)

(pioCi(s))(pioCi(t))
pi0C1(s))+(p;oC1(t)—(pioCi(s))(pioC1(t)))

or, p; o Bl(sut) 1

, B (psoCa(6(5))) (ioCa(6(1))
< i © D2(9(5): 6(t)) = Grata@m FpioCa 600 (1 oCa (6(3)) roCa D)

— pi o Di(s,1)

(pioCi(s))(pioCi(t))
pioC1(5))+(pioC1(t)—(pioCi(s))(pioCi (1))

(poC2((5))) (PioCa((1)) .
2 T BT (proCa(@(0)-(proCa(ats N mraca@@) — Pi © D2(0(s), ¢(t))

or, (

or, pio Di(s,t) > pio Dy(¢(s), 6(t))
or, p; o Da(9(s), 6(t)) < pio Di(6'(d(s)), ¢~ (¢(1)))
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or, p; o Dy(s1,t1) < pioDi(¢71(s1), 07 (t1))for all s;,t; € Va
again we know,
pi o Ci(s) = pi o Ca(4(s))
or, pio Ca(e(s)) = pi o Ci(¢™'(8(s))) for all ¢(s) € V5
or, p;o Cy(ty) = pio Ci(¢p1(t1)) for all t; € V3

Hence G; and G5 are weak isomorphic. O

7.5 Summary

The fresh Dombi mPFG idea is launched in this article. The ring sum, join and
direct product of two Dombi mPFGs has been proven to be the Dombi mPFGs. In
particular, however, the lexicographic product, the strong product, the semi-strong
product and the Cartesian product of two Dombi mPFGs are not Dombi mPFGs.
The Dombi mPFG can portray all types of networks” uncertainty well.
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