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ABSTRACT
In this paper, we consider the following high-order neutral difference equations
with continuous arguments

Of (x(r) - p()x(r- 5))=(-1)" q(r)x(g(7))
where n 3 1 is an integer, t,s1 R",q, gl C([fo,¥],R+), R"=(0¥),

q(r)9 O’g(f)ﬁf’t'(i@rgg(f) =¥. We obtain the existence of nonoscillatory

solutions under some conditions and necessary and sufficient conditions by using
proper fixed point theorem.

Keywords : Neutral difference eguations; Nonoscillatory solutions; Existence; Integral
transformations.

1. Introduction

In this paper, we consider the following high-order neutra difference equations with
continuous arguments

01 (x(1)- p(1x(s- )= (-1 4()x(e 1) o
wheren @ lisaninteger, t.sT R,q,gl C([fo,¥],R+), R*=(0¥), q(r)90,g(r) £1,

limg(r) =¥. Theforward difference D, isdefined asusual, i.e., Dyx(r) =x(r+t)- x(t).

Throughout the paper we shall define the usual factorial expression
JO=jG-1)..(G-k+1),;@=1
1
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By asolution of Eq.(1), we mean a function x(¢) which is defined for al 1 — s 3 ¢,
g(t)3 ¢, and satisfies Eq.(1).

The neutra difference equations are increasingly noticed in many fields. The most
important reason is that many problemsin other fields such as biology, population dynamics
and economics may be trandated into models of difference equation.

Oscillation and nonoscillation theories of neutral functional differential equations and
difference equations have developed very quickly in recent years. We refer to [1-12]. Zhang,
Bi [7] investigated the oscillation of solution of second order neutral difference equation with
continuous argument. Existence of nonoscillatory solutions of high-order neutral differential
equations with positive and negative coefficients

Zm gr(r) +ex(t- )+ (1) gP()x(e- s)- Q(r)x(r- s)g=0
has been investigated by Zhou and Zhang [11]. The higher-order neutral difference equations
with continuous arguments have received much less attention, which is mainly due to the
technical difficulties arising in its analysis. In particular, there is no nonoscillation result for
Eq.(2).

In this paper, we obtain the existence of nonoscillatory solutions under some conditions
and necessary and sufficient conditions by using proper fixed point theorem.

A solution x(¢7) of Eq.(1) is caled oscillatory if it is neither eventualy positive nor
eventually negative, otherwise, it is nonoscillatory. The equation is called oscillatory if al its
solutionsare oscillatory.

Throughout the paper we will use an equality :

(n+i-2"D ¥ X
= g(t+it)=
A gy =@, a

2. Related Lemma and Main Results
Lemma 2.1. Suppose that p(t) is bounded and x(t) is a bounded positive solution of

q(t+it)

Sox

gl

Eq.(1). Set z(t) = x(t) — p(t)x(t —s ). Then D{z(t)i=l,2,...,n is constant sign,
(-0 Djz()>0. 1= 1,2, ..., n, and JimDiz(¢ +kt) =0,

Proof. Due to x(7) and p(¢) are bounded, z() is bounded. D;"lz(t) isincreasing on ¢ from
D;z(t)>0. Weshall show D *z(¢) <0, If not, there exists "> #,,, such that D} *z(T’)* 0.
Due to Dy"'z(T)=D;%z(T+t)- D{"?z(T), there exists /;, > 0 such that

limD{ ?z(T+kt)=¥ which contradicts the

Di*2z(T +t)>D} ?z(T)+4. So |im
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boundedness of z(7). Thus we have shown Djz(r)<0 and Dy () is constant sign. By
inductionwe have (- 1)' D} z(¢) >0 and (- 1)’ D} z(¢) isconstant signfori =1, 2, ..., n. From
above we have Djz(¢) is bounded.

Next we shall show |im Diz(r+kt)=0_ If not, when i is odd, we know
(- 1) Dz(r) <0. Assume there exists 7, > 0 such that |im Dz(¢+kt)=-1,<0. so there
exists N such that Djz(r+kt)<-L/2 for k > N. So D'z(t+(N-1)t)<

: : -1 — . .
D 'z(t + Nt)- /2. We have lim D; z(t+kt)=-¥ which contradicts the boundness
of z(z). When i is even, we can get a contradiction similar to the above proof. So
limDiz(t+kt)=0
k® ¥ iz )=0.
Theorem 2.1. Assume there exist positive constants p,, p, such that

l<p1£p(t)£p2,t3 to (2.1
Then Eq.(1) has a bounded positive solution between two positive constants if and

only if
& (n+i- 2)(’1_1)

o

sup g -—~———qfr+it)<¥

1 115 +t] =0 (n } 1)(n—1) ( ) (2.2)
Proof. Sufficiency. Consider the Banach space BC of al continuous bounded functions x

defined on [z, ¥ ] with sup norm, i.e, ”x” =§Jtp|x(t)|. Let v denote the subset of BC

defined by

_1 7 . 2y 4p, U
=ix|l BC:—————£x(t) E———
R P R P

then \v is a bounded, closed and convex subset of BC.

-1

By (2.2) let | , there exists N, such that

. n-1
g(t+it)< 2

w § 0122

A [ty o+t]i=n=1 (n - 1)!
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forns N. So
¥ . o (n-2) )
sup S (n+z N-1 2) q(t+it)<pl 1
a [tovto+t]i:N+l (n' l)' 4
thatis
¥ . (n—l) i
sup A Mq(;+(N+1)t+jt)<plTl

i [tovto"'t]jzo (l’l- l)|

Lety, =t,+(V+1)t,s0

s (n+j-2 (n-1) -1
A sup 3 ( )| Q(fl"' t)<P1
A g, (N+1)t fp+(N+2)ty j=0 (”l - 1) 4
i.e
¥ ¥ ¥
o o o . p -1
ia:Oi a:',» 2 q(t+s+it)< 14 for¢>1t,. (2.3)
Defineamapping 7: W® BC asfollows:
T ¥ (n+i-2)"Y 6
1 Cpptx(t+s)-aq———F—qlt+s+it)x(g(t+s +it))F, ¢3¢
() =] pliesy g ) 8T (e O lers 1) ety
%(Tx)(tl)’ WwELED

we shall show TWI W. In fact, for every xT W and ¢3 ¢, using (2.1) we get

1¢€ 4p, U_ 3p +1 4p
%) (1) £ = ap, + = £
Y A | R PR Py
and
(Tx)(t)3 igpl_'_ 2pp p-1 4p, U_ 2p £2 1,

P26 3(p2-1) 4 3(p:- 1)5_ 3(p2- 1)

Thus we prove that T maps Winto W. Next we shall show T is a contraction on W.
Infact, forany x ,y T Wand ¢2 ¢, using (2.1) (2.3) we have

(7)(2) - (1) (2)
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, 1 = £ (n+i-2)"Y . 0
p(,+5)§|)C(f+S) y(HS)PQ(JW‘I(“S+lt)|X(g(f+s+t))-y(g(t+s+t))|g
1 & éf(n+l-2)(n Y 0

£ Cl+a glt+s+it)x-y

plt+s)g i (n-2)0Y ( )QJ "

1 - 16
£ 1+ Uy -

" glx o
_nt3
=)

+ .
where O<p41—3<1, which shows that T is a contraction on W. Then by the Banach
P1

contraction principle, T hasafixed point x T W, that is, Tx = x. So x(¢) isabounded positive
solution of Eq. (1) on [#,¥).

Necessity. Let x(¢) be abounded positive solution between two positive constants of Eq. (1).
Thatis 0</£x(t)EL. Set z(¢)=x(¢)- p(t)x(¢- t). When n is even, we have

Dfz(r) =4 ()x(g (1)) ta(r)
Summing the above inequality oni from1to Nand set N ® ¥, Using Lemma 2.1 we get
(2.2) holds. When i is odd, we have

D{z(r) =g(r)x(g (1)) £-1a(r)
Summing the above inequality in i from 1 to N and let N ® ¥, using Lemma 2.1 we get
(2.2) holds.

Example 1. Consider the difference equation

22y (20 e 169 3 ao_
Dléx(t) 2t(¢- 1) g? 255 (1-1)(1+3)? €28 °

In out notation, n = 3, t = 1, s = %, q() = 3, q(t):(t-l)(;+3)(3)’
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(2¢-1)

l<l.5£p(t)=2t(t+l)

£ 2. It iseasy to show that the conditions (2.1) (2.2) in Th. 2.1 are

satisfied. Therefore, the equation has a bounded positive solution between two positive

1. . - -
constants. In fact, x(¢) =1- 5, iIsthe solution satisfied the conditions

Theorem 2.2. Assume there positive constants P, > 0 such that
O£ p(t)£ ps<1 (2.4)

p(&) and g(f) will not become zero at the same time, and (2.2) holds. Then Eq. (1) has a
bounded positive solution.

Proof. From (2.2), there exists ¢, such that

g (n+i- 2)(’1_1) ) .
ps*a e (tHir) ELed (2.5)
i=0 (n - l)
Let BC be the set as in the proof of Theorem 2.1. Set

w={x1 BC:0£x(r)£1
Define an operator 7:W® B(C asfollows:

1 (n +i- 2)(’1_1)

(Tx)(t):i:p(t)x(t-s%a q(t+ir)x(g(t+ir)) 124,
i

izo (n- l)(n_l)
(7x)(2,) to£1<t,

Set xq(¢)=Lx, (1) =(Tx,.0) (1)  k=12,...,n3 ¢4
It is easy to show
x (1) Exg(r)=1 (1 [t %).
By induction we have O£ x,,, (1) £x, (1)1 ¢ [t,¥).,k =12,...,n Infact,

¥ (p+i- 2)" Y
X (t)=(Txk_1)(t)=p(t)xk_l(t- S)+é ﬁq(t+it)xk_l(g(t+it))

i=0 (l’l - l)(n_l)
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¥
3 p(t)x (t- s)+Q q(t+it)x (g(r+it))
i=0
= x40 (2),
using (2.4) (2.5) we get
1 (n+i- 2)(’1_1)
OExk (t)£p3 +ia:'OW

By Lebesgue's convergence theorem we have

g(t+it)£1.

' 3 n+i-2(n_l)
()= )4 (1 1)<3'1>

1x(2,) thEt<t,

g(t+it)x(g(t+it)) 21,

We shall show x(r) > 0. If not, there exists T > ¢, such that x(7) = 0 and x(#) > O for
t,£¢<T. Under the condition of p(¢), q(t), we get x(T)3 p(T)x(T-s) or

x(T)3 q(T)x(g(T)).So x(T— S)=0 or x(g(T))=O.Duet0 T-s<T ad g(T)<T

we get a contradiction. Hence x(¢) is a bounded positive solution of Eq. (1).

Example 2. Consider the difference equation

& . 2)? o) .
Di‘@x(t)'g Ao 2)e= 2B

. t 48 t+2)(t- 2
Inour notation, n=4,t =1, S =2, g(t):g, q(t)zm’ O£p(t)=( 2;()t(. 1) )E

3
2 <l as ¢3 4. Itiseasy to show that the conditions (2.1) (2.2) in Th. 2.1 are satisfied.

Therefore, the equation has a bounded positive solution between two positive constants. In

1
fact, x(f) =1 + P is the solution satisfied the conditions.
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Example 3. Consider the difference equation

) i
P& (1)- Tx(s- 202 " _1(JF)=0
() 5x(i- 22 16(Zm)x( )
1 o i
In our notation, n=3,t =1,s =2, p(t)==, g(t)=+r, q(t)=—F7— Itiseasy to
8 16(2" +1)

show that the conditions (2.2) (2.4) in Th. 2.2 are satisfied. Therefore, the equation has a
bounded positive solution. In fact, x(¢) =1+ 2" isthe solution satisfied the conditions.

Theorem 2.3.  Assume OEp(t) <1 and there exists a >0, such that

1 ¥ . (n—l)
Iimsup}_p(t)exp(as) +3 (n+i-2)"7

lim R q(t+it)expg-a(-t+g(t+it))$<l (2.6)
1 i=0 \n-

Then Eq. (1) has an eventually positive solution which tends to zero as t® ¥ .

Proof. We assume that there exists #; >, suchthat ¢- s 2 ¢, and g(¢)2 ¢, for ¢ ¢; and

¥ (p+i- 2)"Y
b(t)=p(¢)exp(as)+a (n+i-2)" 7

2 g(erit)epgal-trg(tit))g<l (o7

Let Y bethe set of all continuous functions y defined on [#,,¥ ) satisfying O£ y(¢) £1 for
13 ty.Set'Y be endowed with the usual point-wise ordering : y; £ y, if y,(¢) £ y,(¢) forall

13 t,. itiseasy to see that for any subset A of Y, there exist inf 4 and sup A.
Define an operation on Y as follows :

1(59)(2) + epgelia- )i 1 oEi<t
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. In(2-Db(¢
where | =—( (3)) .
l3- 1y
Wewill show SY T Y. Infact, for any y1 W and ¢ 3 ¢, using (2.6) (2.7) we have

(sv)(#)= p(r)exp(as)y(t- s)

¥ (n+i-2)"Y | | , N
& e elr)eeg al s

¥ . 5\(n-1)
Ep(t)exp(as)+é (n+i-2)

:qu(z‘ﬂ't)expg-a(-t+g(t+it))H

<1 13 tg,
and

(S9)(2) = (sv) () + expge(ss - 1)g- 1
£b(r) +expge(tz- 1)g- 1
£1 txE1<ty,
and (Sy)(¢) >0.So0 (Sy)(¢)1 Y, i.e, SY1 Y. Moreover Sisanondecreasing mapping. By
Knaster's fixed point theorem, there exists y1 Y such that Sy =y . Since y(f) > 0 for
to£1£ 1y, it followsthat y(¢)>0 forall ¢2 ¢,.

Let x(¢)=y(¢)exp(-at) we get

O (x(1)- p()x(e-8))=(-1"a (1) x(g()) e2 T

i.e., x() is a positiove solution of Eq. (1) and limx(¢) =0.
t®¥

Example 4. Consider the difference equatio

& 1.2’ 3t/‘lyca—‘(-jlo-.:

1
ng (t)-l—Bx(t-l)+9 25 0

1 1 -3
In our notation, » = 3,t =1, s = 1, p(t)=l—8, g(t)=£, q(t)=§-2 %‘- Clearly,
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1
O£ p() <1. Wewill show (2.6) holds. In fact, let @ =

¥ - (n-1)
pt)explas)+{ LF= 2

i=0 -

_1@28”
9 &Jeg 1o 18
The above inequality holds for al large t, i.e. (2.6) holds. Therefore, the equation has a

bounded positive solution positive solution which tendsto zero ast ® ¥. Infact, x(¢)=2""
is the solution satisfied the conditions.

Theorem 2.4. Assume p(t) ©1. Then Eq. (1) has a bounded positive solution if and
only if

¥ ¥ -
aa gl tit- ks)<¥ 2.8)

) 1
Q(l‘+lt'kS)£E (29)
Let BC the set as in the proof of Theoren 2.1. Set
w=]xl Be:Zex(r) £1f
] 2 b

Define operator 7:W® BC asfollows:

11 éf(n+z-2)(”l) .

57 t+it - ks t+it-ks))z3 ¢
(Tx)(t):} 2 gogo (n-2)"Y ale+i )x(g(r+s ))t3 ta
’If(Tx)(t4) thEt<t
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x()=(Tx_)@® k=12, ..,

1 -
It is easy to show Eﬁxl(t)ﬁxo(t) =11 (t5¥). By induction we have

%Exkﬂ(t)Exk(t)El tl [t ¥), k=12,..

By Lebergue' s monotonic convergence theorem, 7' has a fixed point x, i.e. Tx = x.
Hence x() is a bounded positive solution of Eq. (1).
Necessity. Let x(f) be a bounded positive solution of Eq. (1). So

D (x(to +it ++ +i,t - ks)- x(tg - S +igt +-+ +i,t - ks))
= (-10)"qto+it +--+i,t- ks)x(g(to- iyt +-+ +i,t - ks))

Summing above equdity ini,, i,, ..., i,, kfromOto Nset N ® ¥ , by Lemma2.1 we have

¥ ¥ ¥
a A dqltorit+it++it-ks)

0i,=i,, 1,=ii=0

Qo

x(fo)zk

x(g(to +it +igt +-+ +it - ks)) (2.10)

(n+i- 2)(’1_1)

¥ ¥
- aa q(to +it - ks)x(g(to+it - ks))

k=0iz0 (n- l)("'l)
Set y(¢)=x(t)- x(z- s). Weshall show that y(¢) > 0. If not, there exists T > #,, / > 0 such

that /(1) =—/<0.50 x(T)- x(T - s) =-1<0, thatis lim x(7'+ns ) = lim x(7) - nl =-¥,
which contradicts the boundness of x(¢). So y(¢) > 0i.e. x(f) > x(¢ —s ). So there exists >0
and 7> 1y such that x(g(¢))® M for ;3 7. From (2.10) we get

S0 (2.8) holds.

Theorem 2.5. Assume there exists positive constants p, such that
-1<p, £ p(t)<0 (2.11)
and (2.2) holds. Then Eq. (1) has a bounded positive solution.
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Proof. From (2.2), there exists ¢, > #, such that

Neltp
q(t+it)E=—=, 1>45 (212)

Let BC be the set as in the proof of Theorem 2.1. Set

- P4 (1+P4)

w=x] BC £x(r)e—Let
f

2(174 - 1) Pa- 1p

Define an operator 7:W® BC asfollows:

q(t+it)x(g(t+it)) 13
(7x)(s) to£1<ts

For every x1 w, using (2.11) (2.12) we get

(Tx)(t)E-&+l+p4' “Ps __Pa
2 2 1-py ps-1

and

P4 &-p, 0_ ps(L+ps)
Tx) (1)@ - 24+ =
(7:)(0) 2 "8 pag 2 1)

So Wi W-
Next we will show that 7 isacontraction on . In fact, for any x,yT Wand ¢3 ¢,, using
(2.11) (2.12) we have

(7)(2) - (m)(0)] £]p(e)][x(e- s)- »(e- s)

+g (n +i- 2)(’1_1)

8 e q(t+it)‘x(g(t+it))-y(g(t+it))‘

e éé +'_2(”'1) 0
T RUALEL. PRk

g o (n-9" b
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e b

|- 5

®
£
8]’4

=1' Dy

1 1-
where E< 2p4 <1. Hence

7 o =pl()(0)- () (1] £ -

which shows that T is a contraction on \y/. Then by Banach contraction principle, 7' has a
fixed point xT W, i.e. Tx = x. So x(¢) is abounded positive solution of Eq. (1).
Example 5. Consider the difference equation

'&il"‘lgx O+ 33\/; X =
g () P (- 4)5 2(t+3)(4)(\ﬁ+3) (\ﬁ) 0
C1g= _ 1 33Vt
In our notation, n = 3, '~ ° =4n(r )__71+ glr)=alr)= 2(t+3)(4)(\ﬁ+3)-

Clearly, conditions(2.2) (2.11) in Th. 2.5 hold. Therefore, the equation has abounded positive

11
solution. In fact, x(t) =§+; is the solution satisfied the conditions.

Theorem 2.6. Assume there exist negative constants ps, pg such that

'P52<P6£P(Z)£P5<'1 (213)
and (2.2) holds. Then Eq. (1) has a bounded positive solution.

Ps
Ds

Proof. There exists M such that 0<M <- pg - and. From (2.2), there exists ¢ > ¢, for

1
- —<I<1 gychthat
Ds

A g(r+it+8)FEI<Y, >4,
=0 (n-12)"Y ( )5 6 (219
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q(1+it+s)<M (2.15)

Let BC be the set asin the proof of Theorem 2.1. Set

¥ 2 2 o
w=lal poi LM AP P gy ())g rerrs Y
0 |P5|(P6M + PsPe - 1) |P6|(P6M + PsPe - 1)p
Define an operator 7:W® BC asfollows:
I -1 &= g (n+i- 2)(n_1) 0
! Cl- x(t+s)+Q ———F——q(t+it +s)x(g(t+it +s))¥13 ¢
(=} sy S AT et
1 (7) (%) foEt<tg

For every x1 W, using (2.13), (2.15) we get

) 2
(Tx)(5) £—i- psM + ps * pe + M(p6+p5)
Ps  PsDs (PGM + PsPe - 1) PsPe (PGM + Pspe - 1)

2
_ Pe t D5
|p6|(p6M * PsDe - 1)

and

(Tx)(t)g _i_ pg"'ps
Ps  DsDs (PGM * PsPe - 1)

__ psM+pitpg
|p5|(P6M * PsDs - 1)

So TWI W,
Now we will show that operator 7'is a contraction on W. In fact, for any x, y I Wand

13 tg, using (2.13), (2.14) we get

(7)(2) - (1) (2)

E;Néx(z%s)- y(e+s)f

|p(t+S
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$ (n+i- 2)(’1'1) u
+ta———F gt +it +s)|xlglt+it +s))U

o (I’l-l)(n_l) ( )| ( ( ))|H
1€ ¥ (n+i-2)"Y y
&ra———— gt rit+s)dx-

|p5|8 i=0 (n-l)("'l)

Ellx- ¥
where 0 </ < 1. So T isacontraction. By Banach contraction principle, 7 has afixed
point 7' has apoint x, i.e. Tx = x. Hence x(¢) is a bounded positive solution of Eq. (1).

Example 6. Consider the difference equation

o i Gl RPN S L SN A

Dlgx(f)' : g (t+4)5(lnt+l)

In our notation, n = 4, t = 1, s = 1, p(;)=4(1' t), g(t)=+r,

24in¢
(r+4)°(Int +2)
Clearly, the conditions (2.2) (2.13) in Th. 2.6 hold. Therefore, the equation has a bounded

q(r)=

1
positive solution. In fact, x(t) =l+; is the solution satisfied the conditions.

Theorem 2.7. Assume p(t) °©-1 s =kt, and (2.2) holds. Then Eq. (1) has a bounded

nonoscillatory solution.
Proof. From (2.2), there exists t, > t, such that

¥ (n+i-2) ¥ ¥ ¥
oy T A, 8 g 219

Let BC be the set as in the proof of Theorem 2.1. Set
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C )
W=%Lxl BC:EEx(t)Elg

Define an operator 7:W® BC asfollows:

il g ZJZ(_l g g ( ) ( ( )) 3

iZ+a a a -agqlerit+it)x(g(trit+igt)) 3¢
(TX) (Z) :l’ 2 jzlin»lz(zj_l)kin»zzin»l i=i, n-1 n-1 7

|

1

"(Tx)(ﬁ) to £t <t,

Using (2.16) itiseasy to show TWI W. Now we shall show that the operator T'isacontraction
onW. In fact, for every x, y T W, using (2.16) and ¢ 3 ¢, we get

- SR S S
|(Tx)(f)' (TJ/)(t)| £/‘a;linfgj—l)kin,gin,lll.glQ(t+lt i)

(g (e it +i,.0)) - w(g (it +i,..0))

g & &
£a a -aq(t+it+it))x-y

i,.4=00, ,=0,, =i

£

Hence
1
- 7= sop{(7)()- (1)) £ 3 o1

which shows that 7 is a contraction on W. Then by Banach contraction principle, 7 has a
fixed point x1 W,
S S S
x()=5+a a a -aq(+n +i,.t)x(g(t +it +i,.qt))
j:lin»lz(zj_l)kin»Zzin»l =i

¥ ¥ ¥
Thatistosay x(¢)+x(r+s)=1+ a a -a q(t+it+in_1t)x(g(t+it+in_1t))

04700, ,=0, =i

S0 x(7) is bounded nonoscillatory solution of Eq. (1).
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