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ABSTRACT

For any graph G, the Equi-eccentric point set graph G, is defined on the same set of
vertices by joining two vertices in Ge. if and only if they correspond to two vertices
of G with equal eccentricities. The Glue graph G, is defined on the same set of
vertices by joining two vertices in G, if and only if they correspond to two adjacent
vertices of G or two adjacent vertices of Ge.

In this paper, radius and diameter of Glue graphs are studied. Eccentricity of
each vertex of a glue graph is analyzed. Bounds for radius and diameter of a glue
graph are given. Also, radius and diameter of glue graphs under certain conditions are
found.
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1. Introduction

We consider only finite undirected graphs without loops and multiple edges. Let
V(G) and E(G) denote the vertex set and edge set of G respectively. Eccentricity of a
vertex u € V(G) is defined as e(u) = max {d(u, v) : v € V(G)}, where d(u, v) is the
distance between u and v in G. The minimum and maximum eccentricities are the
radius r and diameter d of G. When d(G) = r(G), G is called a self-centered graph
with diameter d or r. A vertex u is said to be an eccentric point of v, when d(u, v) =
e(v). In general, u is called as an eccentric point, if it is an eccentric point of some
vertex, otherwise non-eccentric. Let E, denote the set of vertices of G with
eccentricity k and | Ex | = ¢y, the cardinality of Ey. We have ¢, > 1 and ¢;> 1, i =r+1,
r+2, ..., d.J2]. The definitions and details not furnished here may be found in
Buckley and Harary [2].

For any graph G, the equi-eccentric point set graph G, is a graph with
vertex set V(G) and two vertices are adjacent if and only if they correspond to two
vertices of G with equal eccentricities. The Glue graph G, of G is a graph with the
same vertex set V(G) and two vertices are adjacent if and only if they correspond to
two adjacent vertices of G, or two adjacent vertices of G.

The importance of perfect graphs is both theoretical and practical because of
their application to perfect channels in communication theory, problems in
operations research, optimizing municipal services etc. The Glue graph G, is
Hamiltonian and perfect. Also, G is a spanning subgraph of G, and connectivity of
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G, increases and diameter of G, decreases as that of G. Hence, these graphs will be
useful in communication theory.

Now, let us state some important properties of the graph G.
(1) If G has a unique central vertex it may not be adjacent to every vertex of
eccentricity r+1, but the central vertex must be adjacent to at least two vertices of
eccentricity r+1.
(2) The induced sub graph formed by the vertices in E,;, i > 1 is not complete.
(3) A vertex in E.; is not adjacent to every vertex of E.;.
(4) Any vertex with eccentricity k is adjacent to a vertex with eccentricity k or
adjacent to a vertex with eccentricity k—1 or adjacent to a vertex with eccentricity
k+1.
(5) |E.| >1and |E(| >2 forall k> r.
(6) There exist at least two edges connecting vertices of Ey to vertices of Ey. in G, k
>T.
(7) There exist at least two vertices in each E.;, which are adjacent to vertices of
E.++1 and there exist at least two vertices, which are adjacent to vertices of E.+i_y, ...,
at least two vertices in Eq4, which are adjacent to vertices of E4 ;.
(8) A vertex in E,; may be adjacent to every vertex of E,.

Now, let G be a tree with radius r and diameter d (d = 2r or 2r-1). Gis n =
d-r+1 eccentric. If d-r+1 is even, then in G, all the vertices in E,, E.y, ..., Egap2
have some of their eccentric points in Eg4, and all the vertices in Efqiay21, Ergray2]
+1,..., Eq have some of their eccentric points in E,. If d-r+1 is odd, then in G, all the
vertices in E,, E11, ..., Ejriay2-1 have some of their eccentric points in E4 and all the
vertices in Eiay2t1, --., Eq have some of their eccentric points in E, and vertices in
E(+4)» have their eccentric points in E, or in Eq.

2.Main Results

First, we shall find out the exact values of radius and diameter of G, when G is a
tree.

Theorem 2.1 If T is a tree with diameter d and radius r, diameter of T, is r and
radius of Ty is (r+1)/2 or (r+2)/2.

Proof: Case 1: T is a uni-central tree.
Since T is uni-central d(T) = 2r.

Sub case 1.1: r is even.
T is n eccentric, where n = d—r+1 = r+1, since d = 2r. Let v, be the central vertex. In
T,, eccentric point ;r of v; lies in Ey, and d(v,, ;r) =rin T,. Hence, e(v,) in Tyis r.
Let vi11 € Eq, In T,, eccentric point ;M of vy is in E4 and d(vy41, ;M) =rin T,
[ \_/rﬂ is the eccentric point of v,y in T, then there exists a path v, v; Vi’ Vi
. :/m,_ where v..,' € E., which is not adjacent to v, in T. Hence, vy v
Vri2... Vil = Vg is a shortest path in Ty]. Therefore, e(vy+) = r in T,. Similarly, we
can prove that in T,, e(vy:2) = r—1, where vy € E;p, €(Vri3) = r=2, where vyi3 € Epi3
s (Vi) =1=(1/2-1) = (r+2)/2,
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where Viun € Erp, ..., €(Va) = e(var) =1, where vq € Eq. Also in T,, the maximum
eccentricity is obtained for elements in E,, E., Eq. The minimum eccentricity is
obtained for elements in E,.». Hence, d(T,) =r and 1(Ty) = (r+2)/2.

Sub case 1.2: r is odd.

Since r is odd n = d—r+1 is even. As in the previous case, we can prove in T,, e(v,) =
T, e(Ver1) =1, €(Viro) = 1=1, ..., (Ves-1)n) = 1=[(r=1)/2-1] = (r+3)/2,

e(Vrrrrny) = rH(r+1)/2-r = (r+1)/2, since in T,, eccentric point of v € E, k >
r+(r—1)/2 is in E,. e((Ves3)2) = 1+(1+3)/2—1 = (r+3)/2, ..., e(Vq) = e(Va) = 2r-r =T.
Hence, d(T,) =r and 1(T,) = (r+1)/2.

Case 2: T is bi-central.
In this case, d = 2r—1, odd.

Sub case 2.1: ris even.
T has r eccentric sets. In T, no element of E,..; is adjacent to all the elements of E,, no
element of E,;; is adjacent to more than one element in E,, since T is a tree. Let E, =
{v, v/'}. Let ;r € Eq4 be the eccentric point of v, in T. Then the shortest path is v, v,/
Vitl Vir2... Vg = ;r in T. Hence in T,, the shortest path iS vy Vi Via... vqg = ;r.
Therefore, d(v,, v;) =r in T,. This gives e(v,) = r in T,. Similarly, e(v,) = r in T,.
Now, take v+ € E.p in T, its eccentric point is in E4. The shortest path in T is v v,
Vi Vet V..o Vg = ;,H. Hence, the shortest path in T, is Vrig Viri” Voo Vg = ;/rﬂ.
Hence, d(vy1, Vr+1) = 1=1 in T,. Therefore, e(v,1;) = r—1 in T,. Similarly, we can
prove in Ty, e(Visa) = 1-2,...,e(Vesqa-1) = 1—(1/2=1) = (1+2)/2. e(Vrirn) = (1+2)/2, since
in this case eccentric point of v,.,; in T, is in E,. (Since T is a tree, eccentric point of
Ve In T is in E4 say v4. Therefore, Vi Vima—1--- Verl Vi Vi’ Virl' Vi oo Vi oo Vg =
Vrir2 18 the shortest path in T and d = 2r—1 and hence in Ty, v, is the eccentric point
of Virp and d(Vis, V') = 1/2+1 = (1+2)/2). ..., e(va1) =11, e(vq) = .
Hence, d(T,) =r and r(Ty) = (r+2)/2.

Sub case 2.2: r is odd.

Since r is odd, n = d—r+1 =r is odd. As in the previous case, in T,,

e(v) =1, e(Ver1) =11, ..., e(Virgoryn) = 1—-(r=1)/2 = (r+1)/2, ...,e(vq) = .

Hence, d(T,) = r and r(T,) = (r+1)/2. Combining all the cases, we see that, d(T,) =r
and r(T,) = (r+1)/2 or (r+2)/2. This proves the theorem.

Now, let us find out the radius and diameter of G,, when d is 2r or 2r—1.

Theorem 2.2 Let G be a connected graph with radius r and diameter d = 2r, then
d(Gy) is r and r(Gy) is (r+1)/2 or (r+2)/2.

Proof: E, = {u € V(G): eg(u) =k}. G is n eccentric, where n = d—r+1 =r+1.

Case 1: ris odd.

Since d = 2r, every element of E, lies on some diametral path joining two peripheral
vertices at distance d = 2r in G. Hence, e(v;) =r in G, for all v, in E,. Now, consider,
Vi1 € Ep. In Gy, there exists a point vy, eccentric point of v, lies in Eq and v, is
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not adjacent to every element of E..,. Hence, the shortest path from v, to ;ﬁl in G
is of the form viy Vi Vert” Veip... Vg = ;/M._Hence in Gg, the shortest path is vy Vet
Vii2eoo Va = Vil OF Vi Ve Visg... Va = Virp. (Here vy’ is adjacent to vii in G.)
Therefore, d(v,+1, V1) = d—r =1 in G,. Hence, e(v+) = 1 in G,. Similarly, we can
prove that e(vys,) = r—1 in Gy. e(Vi3) = 1-2, ..., (Vi ray2)) = r=[(r=1)/2-1] = (1+3)/2,
e(Vr+ay2]) = (r+2)/2, (since elements of Ef+q)2] have their eccentric points in E,)...,
e(vq) =1. Hence, d(Gy) is r and 1(Gy) is (r+1)/2.

Case 2: r is even.

As in the previous case, in G,

e(v)) =1, e(Ver1) =d-r=r, ..., e(Viray) = d—{ r+[(r+d)/2]-1} = (r+2)/2, ..., e(V4-1) =
r+1, e(vq) = r. Hence, d(Gy) is r and 1(Gy) is (r+2)/2.

This proves the theorem.

Remark 2.1 If r is even and d = 2r, G, is self-centered if and only if r = 2.

The next two theorems give the bounds for radius and diameter of G, when G is a
graph with radius r and diameter d.

Lemma 2.1 d(G,) is at most r.

Proof: Take v, in E,. For all x in V(G), d(v,, X) <r. Hence, in G, also d(v;, X) <r for
all x in V(Gy) and v, in E,. Now consider v,4; in E1;. In G, d(vy, V1) <1 for all v, in
E.. Consider v, in E.». The shortest path from v, in E; to v, in E., contains at
least one element from E,;; and the length of the path is at most r. Also in G,, any
two elements of E,;, are adjacent and hence d(v,i1, Vi2) <1 for all vi, € Epip in Gg.
Similarly, d(vi+1, Vii3) <1 for all vz € Enz in Gy,..., d(vir1, Vo) <1 forall vq € Eqin
G,. Hence, e(vy11) < rin G,. Similarly, we can prove that e(vy2) <1, e(ve3) <1,...,
e(vq) <rforall vy, € Eiin, Vi3 € Epis,..., vq € Eq. Hence, diameter of G, is at most r.

Theorem 2.3 d—r < d(G,) <r.

Proof: Consider v, € E.. In G,, some eccentric points of v, is in Eq and hence d(v,
,vq) = d—r for all vq € E4. Hence, e(v;) > d—r. Therefore, d(G,) > d—r. By lemma 2.1
d(Gg) <r. Thus, d—r < d(G,) <r.

Remark 2.2 Upper bound in the above inequality for d(G,) is attained, when d < 2r
also.

Theorem 2.4
(1) Radius of G, < (3r—d+1)/2 or (3r—-d+2)/2.
(2) Radius of G, > (d-1)/2 or (d-r-1)/2.

Proof: Let v, € E, and v4 € E4. In G, d(v;, vq) <1 for all v, € E; and vq4 € E4. v; € E;
may be adjacent to some element of E.,; or not. v.; € E4; may be adjacent to some
element of Ei+1, Enq or Epiy. But every path from v, to v4 contains at least one
element from E.;|, E.s, ..., Eq. Let P be a shortest path from v, to vy.
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Case 1: n =d-r+1 is odd.

In this case, d is even and r is even or d is odd and r is odd. P contains vertices from
each Ey, k =1, rt1, ..., d. Let P contains the point Vqy2 € E+ay2. Split the path P
into two parts, path from v; to V(a2 and path from vqy, to v4. Since P contains at
least one vertex from each Ey, k =1, r+1, ..., d, distance from v, to Vg is least
when P contains exactly one vertex from each E, k = r+l, r+2,..., (r+d)/2.
Therefore, d(vy, Viray2) = d(Ve, Vier@-nyz)) = (d-1)/2 and distance from v, to v(ay is
maximum when P contains exactly one vertex from each Ey, k = (r+d)/2+1, ..., d.
Hence, d(Vv:, Vtay2) < r—{(d—1)—(d-1)/2} = r—(d-1)/2 = (3r—d)/2; that is d(Vy, V(rtay2) <
(3r—d)/2 when v, and v+4y» are points in P. Hence, in G, for any v, € E; and vq)» €
Etay2, d(Ve, Virrayz) < (3r=d)/2+1 = (3r—d+2)/2 and d(Vy, V(ay2) = (d—1)/2. Similarly,
we can prove that, in Gy, d(Va, Viraye) = (d-1)/2 and, d(vq, Virayn) < (3r—-d+2)/2 for
any vq € Eq and v(1q)2 € Eay2. From the structure of G, it is clear that the central
vertices of G, belong to Eq), and their eccentric vertices are in E, or in E4. Hence,
(d-1)/2 <1(Gy) < (3r—d+2)/2.

Case 2: n=d-r +1 is even.

In this case, d is even and r is odd or d is odd and r is even.

From the structure of Gy, it is clear that the central vertices of G, belongs to Ej+ay2]
or Erap1and L (r+d)/2] = (r+d-1)/2, [ (r+d)/2 | = (r+d+2)/2. As seen in case 1,

d(vy, Vira-1y2) < r—={(d—1)—(d-r-1)/2} = r—d+r+(d-r-1)/2 = (3r—d—-1)/2 and

d(vi, Virarnn) < r={(d-1)—(d—r+1)/2} = Br=d+1)/2 for Vi, V(ea-1y2, Vierarny2, in the
path P. Hence in G,, r(G,) < (3r—d+1)/2. Also for v, Viida-1y2, Vrarnyz in P, d(vy,
V(ﬁd,l)/z) = d(Vr, V(ﬁ(d,r,l)/z)) > (d—r—l)/2 and d(Vr, V(r+d+1)/2) > (d—r+1)/2 Hence in Gg,
r(G,) 2 (d—r-1)/2. Thus, (d-r-1)/2 < 1(G,) < (3r—d+1)/2. This proves the theorem.

Next we give some upper bounds for radius and diameter of Gy, where G
satisfies some conditions.

Theorem 2.5 If there exists vertices v, in E, v4in E4 such that there exists a path of
length d-r from v, to v4 in G, then radius of G, is at most
Jf(d—r+4)/2 if d—r is even.
(d—r+5)/2 if d—r is odd.
Moreover, if G has a unique central vertex, then radius of G, is at most
{(d—r+2)/2 if d—r is even.
(d—r+3)/2 if d—r is odd.

Proof: Let v, in E; and v4' in E4 such that there exists a path of length d—r from v,’ to
v4'. Hence in Gg, e(v;) < max {2, d-r+2} for v, in E; e(vy4;) < max {3, d-r+1 } for
Vs 1IN B €(Vin) <max {4, d—r } for vy in Epp;...... ;
e(Vray2) < max {(d—1)/2+2, (d—r+2)—(d-r)/2} = max {(d—r+4)/2, (d-r+4)/2};
e(Verayo+1) < max {(d-r+2)/2+2, (d-r)—(d-1)/2+2} = max {(d-r+6)/2, (d-r+4)/2};
...; e(vq) £ max {d-r+l, 3} for vq in Eq. Thus, radius of G, < (d-r+4)/2, if d-r is
even. Similarly, we can prove that radius of G, < (d-r+5)/2, if d—r is odd.

Suppose G is a graph with unique central vertex, then
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Case 1: d—ris odd.
e(Vi+1) £ max {2, d—r+1} for v in Ery; e(viep) < max {3, d—r} for vy in Eipy; .05
e(Virtay2)) < max {(d—r+1)/2, (d=r+5)/2} for v|¢iay2) € Bl rayals
e(Vray2]) < max {(d—r+3)/2, (d-r+3)/2} for vigsay21 € Ergrapal; -
e(vg) <max {d-r+1, 2} for v4 in E4. Thus, radius of G, is < (d-r+3)/2.
Case 2: d—ris even.
e(V(Hd)/z) < max {(d—r)/ 2, (d—r)—(d—r)/ 2+2} fOI' V(r+d)/2 (S E(r+d)/2;
e(V(Hd)/zH) < max {(d—l‘+2)/2, (d—r+2)/2} for Vi+dy2+1 € E(r+d)/2+1;- ces
e(vg) < d-r+1 for v4 in Ey. Thus, radius of Gy is < (d-r+2)/2 if d—r is even.
This proves the theorem.

Now, assume that the graph G satisfies the following property A.

Property A: Every vertex with eccentricity k, where k > r has adjacent vertices with
eccentricity k—1 and k+1 and vertices in E, have adjacent vertices in E.

In the following theorem we give bounds for radius and diameter of G,, where G is a
unicentral graph which satisfies the property A.

Theorem 2.6 Let G be a connected uni-central graph with radius r and diameter d <
2r, which satisfies property A, then diameter of G, is d-r+1 and radius of G, is
(d—r+3)/2 or(d—r+1)/2 if d—r is odd, (d—r+2)/2 if d—r is even.

Proof: G is n-eccentric, where n = d—r+1.

Case 1: d—ris odd.

Sub case 1.1: There exists vq € E4 such that dg(v,, vq4) = d—r or there exists v,,; €
E..i, where i > (d—1+1)/2 such that dg(v,, Vi) = 1.
In Gg, some eccentric points of elements in E,, E,..., E{¢q)2) are in Eq. Take v, €
E.. In G, v, the eccentric point of v, is in Eq4. Since d < 2r, there is no shortest path
like vy Vit Virge.. Vgo Vg = ;r in G. (Otherwise, e(v,) = d—r <r.) Therefore, in G, the
shortest path from v, to :/r contains more than one element from some of the E,.'s.
But in G,, < E,j; > is complete and G satisfies property A. Hence in Gy, the shortest
path from v, to ;r is of the form v, vy+q... Vi’ V... V4= ;r, where v, v’ € Ei. Hence,
in Gg, d(vs, v;) = d-r+1, e(v;) = d-r+1 and e( v,) = d-r+1. Similarly, we can prove
that e(v,11) in Gy 18 d—1; €(Vei2) In Gy is d=1-1;...; e(V{¢ra)2)) = d—{r+(d—r-1)/2-1} =
(d-r+3)/2.

Now, consider Efgian1. In G, elements of Erg.q),1 have eccentric points in
E; = { v;}. If the distance between V((4)2] = Vird-r-12 and v, in G is (d—r+1)/2, then
e(Vrr@—s-1y2) In Gy is (d-r+1)/2 (using the assumption), otherwise (d-r+3)/2.
Therefore, e(Viwiay2) = (d=r+1)/2 or (d-r+3)/2, e(V@a2+1) = (d-1+3)/2, or
(d—r+5)/2, ...,
e(vq1) =d-r-1 or d—1, e(vq) = d—r or d—r+1.
Hence, diameter of G, is d—r+1 and radius of G, is (d—r+1)/2.
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Subcase 1.2: There exists no v, in Ey, 1 > (d—1+1)/2 such that d(v,, v;+;) =1, in G.
In this case, e(V+a)27) = (d—1+3)/2, e(V[+ay21:1) = (d-1+5)/2, ...,

e(Vg_1) = d-T, e(vq) = d-r+1 in G,.
Hence, diameter of G, is d—r+1 and radius of G, is (d—r+3)/2. Therefore, when d-r is
odd, diameter of G, is d—r+1 and radius of G, is (d—r+1)/2 or (d-r+3)/2.

Case 2: d—ris even.

Sub case 2.1: There exists v, in E..; such that d(v,, v,j) =i forall i > (d—r+1)/2 in
G.

As in case 1, we can prove, in G, e(v;) = d—1+1, e(v,) =d-1, ...,

e(V(ﬁ»d)/z) = (d-r+2)/2, C(V(r+d)/2+1) = (d—r+2)/2 or (d-r+4)/2, ...,

e(v4-1) = d-r—-1 or d—r and e(vq) = d-r+1 or d-r.

Sub case 2.2: There exists n0 v, in E;, i > (d—r+1)/2 such that d(v,, v;+;) =1 in G.
In this case, in G, e(v;) = d-r+1, e(vi1) = d-,..., e(Viray2) = (d-112)/2,
e(Virayn+1) = (d-1+4)/2 ..., e(v4-1) = d-1, e(vq) = d—r+1. Hence, in both the sub cases
diameter of G, is d—r+1 and radius of G, is (d—r+2)/2. Therefore, when d-r is even,
diameter of G, is d—r+1 and radius of G, is (d—1+2)/2.

This proves the theorem.

Remark 2.3 Suppose G is bi-eccentric uni-central with diameter d less than 2r, then
d-r is odd (r > 2) and each element of E,.; need not be adjacent to every element of
E; in G. If v4; in Ey; is adjacent to all the elements of E,, then in Gy, e(v;+1) is one
and for other elements of E,,;, eccentricity is two in G,. Hence, G, is bi-eccentric
with diameter two.

In the following theorem we give bounds for radius and diameter of Gy,
where G is a graph with more than one central vertex and satisfies the property A.

Theorem 2.7 Let G be a graph with radius r > 2 and diameter d < 2r, having more
than one central vertex with property A. Then diameter of G is d—r+1 and radius of
Gy,is (d-r+3)/2 if d—r is odd and (d-r+2)/2 if d-r is even.

Proof: It is given that | E, | = ¢, > 2. Therefore, v, in E, is not adjacent to at least one
element of E,.; and vice versa (since d < 2r and G satisfies property A this is true).

Case 1: d—r is odd.

If n = 2, then G is bi-eccentric. In this case G, is self-centered with diameter two. If
n > 2, as in the previous theorem, in Gy, e(vy) = d-r+1, e(ves1) = d-1,..., e(Viray2)) =
(d—1+3)/2, e(vigray2]) = (d—1+3)/2,..., e(vg1) = d-1, e(vq) = d-r+l. Therefore,
diameter of G, is d—r+1 and radius of G, is (d—r+3)/2.

Case 2: d—ris even.
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In Gg, e(vy) = d=r+1, e(vir1) = d—,..., e(Viiayn) = (d=1+2)/2, ..., e(v41) = d-1, e(vq) =
d-r+1. Therefore, diameter of G, is d—r+1 and radius of G, is (d-r+2)/2. This proves
the theorem.

Eccentricity properties of Z}g

Next, we study the eccentricity properties of Z}g for a connected graph G.

Let G be a connected (p, q) graph with radius r and diameter d. Let n = d—r+1. Then
G is n eccentric.

Case1: d—r+1=1. 3
In this case, G is self-centered, G, is complete and hence G, is totally disconnected.

Case 2: d—r+1 =2.
In this case, G is bi-eccentric.

Sub case2.1: r=1,d=2.
G, is complete and hence G, is totally disconnected.

Sub case 2.2: r>1.
Here, different cases arise. If there exists v+, € E,4; such that v, is adjacent to all
central vertices in G, then in E}g, the point v, is isolated. Similarly, if there exists
vi+1 € En such that v, is not adjacent to exactly one vertex of E, in G and all other
vertices in E, are adjacent to v, then Gg has K; as a component.

If G has only one central vertex, then it is adjacent to at least two vertices of
E.+1 in G. Hence, those two vertices are always isolated in (}g. Hence if G has a
unique central vertex, Gg is disconnected. If ¢, = 2, then let E, = {v,, v/'}. There
exists vy, Viei' € Eq such that v, is adjacent to v, and v, is adjacent to v..;'.
Suppose v’ is not adjacent to v,, there exists K, as a component, otherwise E}g has
K, as a component. Therefore, ¢, must be at least three for G, to be connected. Also,
each vertex of E,;; is adjacent to at most ¢,—2 vertices of E,. When G satisfies these
conditions G, is connected and eccentricity of vertices of Gy lies between 2 and 4.

Case3:n=d-rt+1=3. B

V(G) =E; U E;11 UE . In Gg, d(Vy, Vri2) = 1 for v, in E; and vy4, in E.; and  d(v,
vi+1) < 2 since each v, is not adjacent to at least one element in E.,. Also, d(v;, v,")
=2, since v;, v, is adjacent to every element of E,.,. Thus, in Gg, e(vy) = 2 for v, in
E.. Also in E}g, d(Vi+1, Vi) < 3 if vy and v, are adjacent in G. (since vy Vo' Vi
V42 18 a path in E}g) and d(vy+q, Ven') £4 and d(Vit, V') = 4 if vy, v are adjacent
to all the elements of E,. Hence e(v.) < 4 in E}g. Similarly, d(vio, V') < 2 and
d(Vi+2, vi+1) < 3. Hence, Gg is connected and eccentricity of each vertex of (}g lies
between 2 and 4. That is, 2 < e(v) <4 for v e V( Gy).

Case 4: n=d-r+1 > 4.
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In this case, eccentricity of each vertex in G, is two. Hence, G, is self-centered with
diameter two, when n > 4.

Summarizing all these results, we obtain the following theorem.

Theorem 2.8 Let G be a connected (p, q) graph. Then (1) If G is self-centered or bi-
eccentric with radius one then Gg is totally disconnected. (2) If G is bi-eccentric
with radius greater than one and G contains at most two central vertices, then G, is
disconnected. (3) If G is bi-eccentric with radius greater than one and G has more
than two central vertices then Gg is connected if and only if each vertex of E.; is
adjacent to at most ¢,—2 vertices of E.. Also when Gg is connected, 2 < e(v) <4 forv
e V( E}g). (4) If G is tri-eccentric, then E}g is connected and 2 < e(v) < 4 for v €
V( E}g). 5) Ifn=d-r+1 >4, E}g is self-centered with diameter two.
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