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(Functional Analysis)
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Full Marks :5O

Time:Zhows

Answer all questions

The figures in the right hand margin indtcate marks

Candidates are required to give their answeri in
their own words as far as practicable

l. Answer any four questions : 2x4

(a) Let X and Y be normed spaces. If X is
finite dimensional, then show that every

linear map fromXto Iis continuous.
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(6) State and prove the parallelogram law.

(c) Let X be a normed space. Show that
xo + x wealcly in X does not impty x. + x
inXingoneral.

(d) Give an example of a normal operator
which is not self-adjoint.

(e) Let T e BL(H) be a normal operator.
Then show that KedT): Ke(7[)-

(f) lotxhr- a normed space and/(x) =fly)
for every/ e .,f, show that r - Y.

2. Answerany/ozr questims'. 4x4

(a) I-aX= C[0,1] withthe suplemum nonn.

Consider the sequence x,() =fr ,t elo,\'

Check whethei the seriis f,],
wmmableinX.
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(3)

(b) La, F e BL(X Y) uf, 4D -l'eX: F(x) = 0).

Define F:X tZ(F) -+ )' by

F(x + Z(Fl) = r1x;, r e X. Show that

(c) Show that a Banach space is a Hilbert
space ifan only ifthe Parallelogram law
holds. 4

(d) LetP e BL(I{) beanon-zeroprojection
on a Hilbert space f/. Show that if
[P[ - L rhcu f is an orthogonal projection. 4

{e) Ler X be an inner producf space and
,4eX. Then show that

(i) Ae Ar't , Gi) AL - ,4t-Lt.

(l) Let X and f be Banach spaces and
A e BL(X,Y). Show that there is a constant

[=nF 4F
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(4)

.c > 0 suchthat ll,erll=ril4 fm allr e Xif
and only if Ker(A)-{o}and Ran(A)is

closed in X. 4

3. Answer any frao questions : 8 x 2

(a) (t) kt Hbe atfilbert space' T e B4II) uf,
l Ax,x >= 0 for all x e lL Then show

that x - 0. Also,. give an examPle to

show that this result is not true for
real Hilbert sPace. 5

(ifl Let X = C[O,U be equiPPed with the

, ncrnll*i=ll,ll- +llr'll-andr=Qo,ll
be equipped*ith the suPnemum nm
ffi . Ctrect*anerthe Enear oPcra

ts F:X -+f &finedbY F(r)=1i5
continuous. f

(D) (r) Let the space l2(Z)bedefincdasthe
space ofall twesided sqrure summable
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(s)

sequences and the bilateral shift is
the operator W ot l2(z) defined bY

W(..., a-2, a-r,- do,er,ar,..:) : (..., ct-t, a-2,

d -1,a s,ct r...). Prove that

(I) Wis unitary and

(1I) the adjoint W' of W is given bY

W' (... Lz, a-r, Aogpaz*,): (.-, a1,

a6dlrA rrZ 3,.,.)

Irtflbe alfilbert qpace and I e B4II).
Ifl is self-adjoint, then prove that

lzll= sup{l<;x,x >l: x e x,[r[= t]' s

5

(r, State and prove Riesz-Fischer Theorem. 3

(c) (D

(fi) Show that Ran(T):Ran(D if
T e BL(H) is normal and I/ is a
Hilbert space. 3

I

Pc/M/Ir{TIt/V401125
(Tua Over )



( 6)

(d) (, Idxbeaninnertrodrctqrrr., Ee X
be closed under scalar multiplication
andx e X Show that xIE if and

only if drs(4E) = llxll. s

(ii) Let S e BL(IL, where II is a Hilbert
space. Prove that for all x,y e H,

. sr,y r= 
|E3,=oi" 

< slr+ r y)i,(x + i' y) > .

*t
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