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" M. Sc. 4th Semester Examinaﬁon; 2025

APPLIED MATHEMATICS
(Functzonal Analysis)
PAPER — MTM-401
 Full Marks : 50

' Time : 2 hours

Answer all questions

. The ﬁgures in the right hand margm indicate marks

- Candidates are required to give their answers in

" their-own words as far as practicable

1. Answer any. four questions :  2x4

" (@) Let X and Y be normed spaces. If X is
- finite dimensional, then show that every
linéar map from X to Y is continuous.
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(2)

(b) State and prové the parallelogram law.

(c) Let X be a normed space. Show that
x_— x weakly in X does not imply x - x
in X in general. . '

(d) Give an example of a normal operator
which is not self-adjoint.

(e) Let T € BL(H) be a normal operator.
Then show that Ker(T) = Ker(T*).

" (f) Let X be a normed -space_éndf(x) =fy)
for every f € X, show that x = y.

2. Answeranyfouriquestions':_ B 4x4

(@) Let X=C[0,1] with the supremum norni. |
Consider the sequence x,(t) =%,t ef0,1].
Check whether the series Z:lxu: is -
summable in X. S 4
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(3)'

() LetFe BL(X, V)and Z(F)={xe X: F(x)=0}.
Define F:_X'/Z(F)—)V by '
F(x+Z(F))=F(x),xe X. Show that
LEL | 4

(c) Show thata B:uiach space is a Hilbert

space if an only if the Parallelogram law
holds. : 4

(d) LetP € BL(H) be a non-zero projection
-on a Hilbert space /. Show that if

ﬂP[I =-l, then Pisan orthogonal projection. 4

(e) Let X be an inner product space and
Ac X. Then show that

@ AcAY, (i) A+ =41 4

(/H Let X and Y be Banach spaces and
A €BIL(X.Y). Show that there is a constant
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(4)

-¢ > 0 such that [|Ax]= for all x € X if
and only if Ker(4)={0}and Ran(4) is
closed in X. _ | 4

3. Answerany two questions:’ | 8x2

(a) (¥) Let Hbe aHilbert space, T € BL(H) and <
< Ax,x>=0 for allx € H.Thenshow == !

that x=0. Also, give an example to B

show that this result is not true for

~ real Hilbert space. 5 ‘

(i) Let X = C'[0,1] be equipped with the
norm ||x} = x|l + I}, and ¥Y=CT0,1]
be equipped with the supremum norm . -
Il . Check whether the finear opera- :
tor F: X —» Y definedby F(x)=x is

- continuous. | 3

g

(b) (i) Let the space I*(Z)be defined as the
space of all two-sided square summable
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(5)

_sequences and the bilateral shift is
the operator W on 1*(2) defined by
Ww(..., a_z, a1y 8,0, ) ( a.s, a.,

4,0, ) Prove that

() Wisunitary and
{n the adjoint W* of W is given by

W( o @, 4, gsapazs ) ( . a—lsr
ao,al, ) o 5 .

- (ii) State and prove'Riesz—Fischér Theorem. 3

@ () LetHbeaHilbert space and 4 € BL(H).
If 4 is self-adjoint, then prove that
|A|| sup{|< Ax, x>| xeX,|d= } 5

(u) Show that Ran (T) Ran (T if
T € BL(H) is normal and H isa
Hilbert space. 3
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(6)

(d) (i) LetXbeaninnerproductspace, Ec X
be closed under scalar multiplication
and x € X. Show that x | E if and
only if dist(x, E)=|p. = = 3

(i) Let S € BL(H), where H is a Hilbert
space. Prove that for all x, y € H,

'<Sx_,y>=%z3n=oi"' <S(x+i"y),(x+i"y)>. | 3

[ Internal Assessment — 10 Mzirks}_

 PGAVSIMTMIA01125  MV-150



