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ABSTRACT

Using Deissler’s approach, the decay for the concentration fluctuation of a dilute
contaminant undergoing a first order chemical reaction in dusty fluid MHD
turbulence at times before the final period in a rotating system is studied and have
considered correlations between fluctuating quantities at two and three point. Two
and three point correlation equations are obtained and the set of equations is made to
determinate by neglecting the quadruple correlations in comparison to the second
and third order correlations. The correlation equations are converted to spectral form
by taking their Fourier transforms. Finally we obtained the Decay law of magnetic
energy for the concentration fluctuations before the final period in a rotating system
in presence of dust particle by integrating the energy spectrum over all wave
numbers.

Keywords: MHD Turbulence, First order Reactant, Dust particle, Rotating system,
Decay before the final period .

1. Introduction

Deissler [1,2] developed a theory “decay of homogeneous turbulence for times
before the final period”. Using Deissler's theory, Loeffler and Deissler [3] studied
the decay of temperature fluctuations in homogeneous turbulence before the final
period. In their approach they considered the two and three-point correlation
equations and solved these equations after neglecting fourth and higher order
correlation terms. Using Deissler theory, Kumar and Patel [4] studied the first-order
reactant in homogeneous turbulence before the final period of decay for the case of
multi-point and single-time correlation. Kumar and Patel [5] extended their problem
[4] for the case of multi-point and multi-time concentration correlation. Patel [6]
also studied in detail the same problem to carry out the numerical results. Sarker and
Kishore [7] studied the decay of MHD turbulence at time before the final period
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using chandrasekher’s relation [8]. Sarker and Islam [9] studied the decay of MHD
turbulence before the final period for the case of multi-point and multi-time. Azad
and Sarker[13] studied the Decay of dusty fluid MHD turbulence before the final
period in a rotating system for the case of multi-point and multi-time. Sarker and
Islam[11] studied the Decay of dusty fluid turbulence before the final period in a
rotating system. Islam and Sarker [10] studied the first order reactant in MHD
turbulence before the final period of decay for the case of multi-point and multi-
time. Sarker and Islam [14] also studied the first order reactant in MHD turbulence
before the final period of decay.

In our work, we studied the magnetic field fluctuation of concentration of a
dilute contaminant undergoing a first order chemical reaction in dusty fluid MHD
turbulence before the final period of decay in a rotating system. Here, we have
considered the two-point and three-point correlation equations and solved these
equations after neglecting the fourth-order correlation terms. Finally we obtained the
decay law for magnetic field energy fluctuation of concentration of dilute
contaminant undergoing a first order chemical reaction in dusty fluid MHD
turbulence in a rotating system comes out to be

(h*) = exp[~R(t - to)[A(t - to)_% +exp[—{2¢€,, Q, - f5}1]B(t - to)_5:|

where (h*) denotes the total energy (mean square of the magnetic field fluctuations
of concentration), t is the time and A,B and t, are constants.

2. Basic Equations:

The equation of motion and continuity for viscous, incompressible MHD
dusty fluid turbulent flow in a rotating system are given by Chandrasekhar [8] as

ou. 0 ow 0%u,
—+—\uu, —hh )=—+ -2 CQ u.+ -y, 1
8t axk (utuk i k) axi Vaxkaxk emkz muz f(ul Vz) ( )
oh. 0%h,
P v O g —uphy) = A= @)
ot 0Ox, 0x,0x,
6t k an . i iJs T ( )
with
Gui_ﬁvi_ahi_o 4
ox. ox. ox. @

1 1 1
The subscripts can take on the values 1, 2 or 3.

Here, u;, turbulent velocity component; h;, magnetic field fluctuation component, v;,
dust velocity component
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2
,total MHD pressure inclusive of potential and

W()%,t):£+l<h2>+l‘f2x)%
p 2 2

centrifugal force;
p(x,t)=hydrodynamic pressure,  p = fluid density,

Py = %, magnetic prandtl number,

p.= K, prandtl number,

v = kinematic viscosity,

Y= L , thermal diffusivity,
»
A= (471';10')71, magnetic diffusivity,
¢, = heat capacity at constant pressure,
Q) = constant angular velocity components,

m

€,,,;— alternating tensor,

kN

f =—, dimension of frequency; N, constant number density of dust particle,

N

m, = gﬂ'R33 p,,mass of single spherical dust particle of radius R,

p, = constant density of the material in dust particle,

X, = Space co-ordinate, the subscripts can take on the values 1, 2 or 3.
3. Two-point Correlation and Spectral Equations

Under the condition that (I) the turbulence and the concentration magnetic field are
homogeneous (ii) the chemical reaction has no effect on the velocity field and (iii)
the reaction rate and the magnetic diffusivity are constant, the induction equation of
a magnetic field fluctuation of concentration of a dilute contaminant undergoing a

first order chemical reaction at the points p and p' separated by the vector 7 could
be written as

2
%-I-Mk oh —hy Gy _ g Oh, -Rr )
ot ox, ox,, 0x,0x,
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Gh} . 8}1} , 8u']. o°h, .
and—-+u, ——-h ——=A—--Rh, e (6)
ot ox, ox, Ox, 0x, /

Where R is the constant reaction rate.

Multiplying equation (5) by h/ and (6) by h;, adding and taking ensemble average,

we get
a<hzh'> a ' ' a " ' ' '
ot —+ a[<ukhihj> —ush )1+ a“uk hih;) = Ch byl
O*(hhy O (hh, ,
= Wiy | §I{H—2Ruw%> _____________ 7)
axkaxk 8xk8xk ’
Angular bracket (.......... ) is used to denote an ensemble average and the

continuity equation is
Using the transformations,

0 0 0

—_— I = = ee——-————————— 8
or, ox,  Ox, ®)
and the Chandrasekhar relations [8]
ehhy) = =Quhoh), by = —uhchyy e )
Equation (7) becomes

Xhhyy o6 ., .

———+2—[uhh,)y—(u.h h)]|.

o 2, L) )]
o> (hh.) ,
= 22— -2R(hh;) e (10)
or,or,

Now we write equation (10) in spectral form in order to reduce it to an ordinary
differential equation by use of the following three-dimensional Fourier transforms.
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G R T 10 7 — (1
b, (7)) = (e (6) eXp[f (lg,f)]dle R — (12)

Interchanging i and j, points p and p' then,

W ) = G () = [ (e (B expl (kA Wk e 13)

—00

Substituting of equation (11) to (13) in to equation (10) leads to the Spectral
equation

w + 22K (p () + 2Ry ()
R () B (A AT 3) ) E—— (14)
oy, (k)

+2A[K° +§]<wiw; )

= 2ik[ ey, () (@, (k)] e (15)

ot

The tensor equation (15) becomes a scalar equation by contraction of the indices 7
and j

Xy, (k) , R
L 2K+ Yy ()
=2ik[ {ay .y, () (i (k)] e (16)

The term on the right hand side of equation (16) is called energy transfer term
while the second term on the left hand side is the dissipation term.

4. Three-point Correlation and Spectral Equations

Similar Procedure can be used to find the three points correlation equation.
For this purpose we take the momentum equation of dusty fluid MHD turbulence in
a rotating system at the point P and the induction equations of magnetic field
fluctuation, governing the concentration of a dilute contaminant undergoing a first

order chemical reaction at P’ and P" separated by the vectors 7 and 7' as
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Oh, ow o’u,
+u, —h, =——+V
ot ok, ox, ox, 0x, 0x,

_zemkl Qmul +f(ul _Vl)’

------- (17)
! 2
Oh, ‘u, 8hf 0 ou, . 6‘ hl' R s
Ot ox, ox, 0x,0x,
oh, ., 0oh, ., 0u, o°h, .
—tu, ——h,—=1—— —th _____________ (19)
ot ox, ox, 0x,0x,

wmmpm&a=£+lw%+lpr
L 2 2

2
,total MHD pressure inclusive of

potential and centrifugal force P(X,t), hydrodynamic pressure; Qm, constant

kN

angular velocity components; €, .., alternating tensor, f =-—, dimension

frequency; N, constant number density of dust particle.
Multiplying equation (17) by h,.'h; (18) by u 1h, and (19) by u,h], adding

and taking ensemble average, we obtain

8(ulh;h;> s o
ot ox

w0
Lot ) = by Y1 =L k) = G ).

k X

+—[wu, hohy) = Quu b))
Ox

JotJ
k

Hwh'h'y O hh'y [0y O uhh’)
- Lty =+ A L+ !

Ox;, Ox, 0x, Ox; 0x,, Ox; Ox;

- 2R<u,h;h_;> -2€,., Q, (u,hi’h_;> + f((ulh;h"f) - (vlhi’h_;)

J

—————— (20)
Using the transformations
0 0 0., O 0 0 0
_:__+_r)’ r A A A T 2D
ox, or, Or," Ox, Or, Ox, O



Magneto-hydrodynamic Turbulence in Presence of Dust Particleina 181
Rotating System

into equation (20)

uhily) (1+PM)6 bk +(1+PM)a (R on, & u bk
ot or,or, oror, Oor, O,
0 G e O e O o
= %(uzukhihj> +§k-<uzukhihj> _El;(hlhkhihﬂ _£<hlhkhihj>

0 0 0 0
_a_<ulukhih_/>+6_<uluihkh_/>_§<ulukhihj>+§<ulu‘h‘h'>

rk ’,k " ; JorJ

0 h 0 hy=2 hy=2 Q h
+a—rl<whihj>+a—rl,<whihj>— R¢uh.h;) -2 €, Q,(uhh;)
+ Wby =vih)l e (22)

In order to write the equation (22) to spectral form, we can define the
following six dimensional Fourier transforms:

G N AT (R ) — 23)
e KPR ) = [ [ BB, Ry expli (R + 7 ik
e (24)
(gt WPV ) = [ [ (DB OB, By expli e + )
-------- (25)

(e Kl FYh ) = [ [ (4, BB, (R) expli (£.7 + ') Wkl

. (26)
b i P = [ [CBBBEN, R expli (67 + R kd



182 M.A K. Azad, M. A. Aziz and M.S.Alam Sarker

RGP, () = [ [0, By explf (R 7 + ') ke
o  eeeen (28)
(PR (7)) = j j (8,80 B, (k")) exp[f(lé.f+/€'f')]dléd/€'
------- (29)

Interchanging the points p' and p” along with the indices iand j, result
in the relations

"

Ry = Gy G R = Cu by ! By = (uh')

J

By use of this facts(30) and equations (23)-(29), the equation (22) may be
transformed as

GYiAil) ) \ L R 26,0, [ an
Tm{(HPM)k +(1+P,)k +2PMkkkk+21+—/1 J@%ﬂﬁ)

=ik, +k X@ 458 ~i(k, +k XBBLB) ~ilk +k Xbd BB +ilk +K XSdB)

+ilk, + kBB - [OBB) . e (31)

The tensor equation (31) can be converted to scalar equation by contraction of the
indices 7 and j

R 2 emkl Qm _i

a<¢1131'ﬂ1> 2 2 ' o '3
e +/1{(1+PM)(k R+ 2P kg 42+ 22 J%ﬂ,ﬂ»

=ik, +k Xa B BB ~ik +k XB BB ) —ilk +k Xbd BB ) +ilk +K XHBL)

O S A S U — (2)
To relate the terms on right hand side of equation (32) derived from the quadruple
correlation terms and from the pressure force term in equation (22), we take the

derivative with respect to x, of the momentum equation (17) for the point

p, and combine with the continuity equation to give



Magneto-hydrodynamic Turbulence in Presence of Dust Particleina 183
Rotating System

ow @
Ox,0x, 0Ox,0x,

(uluk —hh, ) """"""" (33)

Multiplying equation (33) by hlhj taking time averages and writing this equation in

A N

terms of the independent variables 7 and »’

62 62 62 | 82 82 a2 62
+2

+ (whih )= + + +
or,0r, or,or/ 8r['6rl' J arlark 6rl’8rk 61/1817’C 8rl’8r]’€

X(<ulukhl"hj>_<hlhkhl{hj>)‘- ------------ (34)
Now taking the Fourier transforms of equation (34) we get

(kyky + klk, + ke, + kkl (@ BB — (BB BIOB.Y)
K+ 2kk, + k"

- <yﬂl’ﬂ]> =

Thus the equations (34) and (35) are the spectral equation corresponding to the
three-point correlation equations. Equation (35) can be used to eliminate

(7B.B,) from the equation (32).

5. Solution for times before the final period

The equation for final period of decay is obtained by considering the two-
point correlations after neglecting the 3™ order correlation terms. In order to study
the decay for times before the final period, the three point correlations are
considered and the quadruple correlation terms are neglected because the quadruple
correlation terms decays faster than the lower-order correlation terms. For a better
equation of the MHD homogeneous turbulence decay from its initial period to its
final period , three-point correlation equations are to be considered. Here, we neglect
the quadruple correlation terms since the decay faster than the lower order
correlation terms.

Putting the value of ( }/ﬂ[ﬂ) from equation (35) into equation (32 and neglecting all

the quadruple correlation terms, we have
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—ngtfm +1{(I+PM)(k2 +K) 2P, ko, +2%+%_ﬂ<¢’ﬂ;ﬂ;>

+f(8,B8)=0

=
2 Emkl Qm _ﬁ

—a@’g"’b)" ) +Z{(I+PM)(k2 +k'"?)+2P, ki, +28 + P

}mﬁ»:o

where (0, ﬂl'ﬂl> =C (¢, B3, ) and 1-C=S, C and S are arbitrary constants.

Taking inner multiplication by k, we get

—a("f@;@ﬁ;» +A[(1+PM)(k2 R e —%ﬁ@ﬁ?ﬂ!» =0

Integrating the equation (37) between t, and t, and gives

k$ BB = k(G BB ) Jexp{=Al((1+ P, )(k* +k'*) + 2P, k' cos O
2 Q
+ 27R + —f L (38)

where @is the angle between kand k'and (4,567, is the value of (¢,S/0]) at
t=t,.

Now, by letting 7' =0in equation (23) and comparing with equations (12) and
(13), we get

()= [(pBRB GNak', (39)

(@, (o) = [(BI)B (K Dl e (40)
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Substituting equation (38) - (40) in equation (16), we get

o ()

2 R 'oa «© . APENPS 2 ’ ) ! )
2 W = T 2zk,[<¢lﬂl. (DF, G~ B, (B, (- )>}

- 2R
xexp|:—l{(1+pM)(k2+k‘2)+2PMkk o6+~ + ””kil m f}(t—t ) [k

Now, dk'can be expressed in terms of k'and @ that is
dK'= —27k"*d (cos 0)dk’ (cf. Deissler [2]).

With the above relation, equation (41) to give

Wy 5w L .
2l K (D) =2 { 2k (6B, (B, )~ B, (KB ()
— 0
: 2,2 mkl m fS
xk _J.fxl{—ﬂ(t t)[(l+P )k +k )+2PMkk cos¢9+ /1 ) }d(cosﬂ)
————————— (42)

In order to find the solution completely and following Loeffler and Deissler [3] we
assume that

ik1[<¢,ﬂ;<1%)ﬂ;‘(1%'>>—<¢lﬁ;(—l?>ﬂ,-"(—i€'>>} - (2 o[kt - kK

where & is a constant. The negative sign is placed in front of £, in order to make

the transfer of energy from small large wave numbers for positive value of & .

Substituting equation (43) into equation (42) and completing the integration with
respect to cos @, one obtains
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0@t (K)

R o ¥
. 200k + ](27[(!//l!//1(K)>) -0 j(k3k'5 —k5k'3)

v(t—t,) 0

2e,, Q
{exp{—ﬂ(z—xo)[(1+PM)(k2 +k'*)=2P, kk' + 2/5 %_ﬁ}

. 2R IS Q
—exp{— l(t—to)[(l+PM)(k2 +k'2)+2PMkk +7+2M—ﬁ]”d1€.

A A
---------- (44)
Multiplying both sides of equation (44) by k*, we get
H R
L I — (45)
ot 2

where, H=2 7k 2<lﬂ 4 k (K)) is the magnetic energy spectrum function and G is
the magnetic energy transfer term is given by

» é:0 /5 ,3 2 mlem Jo
G= - to)(j)(kk K At )l+h,, WA +12)— ZPA/d(+ ikl 2

—exp{ At =t )[(1+ P, (k> + k') + 2P, kk' + 2; %—%]Hdlc

Integrating equation (46) with respect to K', we have

3 (
oy eyt A B,
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y 15P, k" L] 5h; 3 io o D P, il
W (t—t,) (1+B,) (-t |v(1+P,) 2v 1+P,) |1+P,)

The series of equation (42) contains only even powers of k and start with &*and
the equation represents the transfer function arising owing to consideration of
magnetic field at three points at a time.

It is interesting to note that if we integrate equation (47) over all wave numbers, we
find that

j Gdk=0 (48)
0

which indicates that the expression for G satisfies the condition of continuity and
homogeneity.

The linear equation (45) can be solved to give

H= exp{— 20k + %)(t 1, )}j G exp{2/1(k2 + %)(t 1, )}dt

+J (k) exp{— 20(k* + %)(t ~t, )} ........ (49)

2
where J(K)=—%—is a constant of integration and can be obtained as by
V4

Corrsin[12]. Substituting the values of G from equation (47) in to
equation (49) and integrating with respect to t, we get

foﬁpM

4/13/2(1_’_PM)7/2

2

H= Nk exp{— 2A(k* +£)(r—t0)}+
V4 A

xexp[-2R+2 ¢, Q — fS}(t—1.)] exp[_ ,yg{ﬂ}(t ¢ )}
(+py)

3p, k* . (7p,, —6)k® _4(3}7,@—21)M+3)k8
2/’1’2PM(ZL_t())5/2 3/1(1+pM)(t_tu)3/2 3(1+pM)2(t_t0)1/2
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8/1/ 2(3p% —2p,, + 3K’

Neo))| 50
3(1+ M)5/2 ( ) ( )
2P At —t
where Nw)=e" Iex dx, o=k M .
o (+py)
By setting F=0, j=i, dK = 27k>d(cos O)dk and

H= 27Zk2<l//il//} (I%)> in equation (9), we get the expression for magnetic energy

2y _ ()
2 2

decay with the fluctuating concentration as

= [Hd k.
Substituting equation (50) in to (51) and after integration with respect

to k, we get

2 S A S
ﬂ;_expgzze(r ro){ ol /2\/1 roxf2e,, Q — fSi]x—=l)

A2 1+ py)1+2py,)

X +
16" 161+2p, )

5p, (Tp, .—6)
o Put"Py 35p (3pM 2pM+3) 8p (3pM 2p+3) o z 135...n+9)

8(1+2pM) 301+2p ¥ n=0

M nRa+127 1+ pM)"
) = exp[2R(t —t,)] (;)/+exd—{2€ Q - fSyezi-1,)”*
2 84227 o '

where



Magneto-hydrodynamic Turbulence in Presence of Dust Particleina 189
Rotating System

7 = 4 [i_'_ S5py(Tpy —6) _ 35py B3Py = 2Py +3)
(+p,)A+2p,)"* 16 16(1+2p,,) 8(1+2p,)’

+ 8Py (31?;/1 —2p, +3)
3.26.(1 + ZpM)3

Fom—]

Thus the decay law for magnetic energy fluctuation of dusty fluid MHD turbulence
in a rotating system governing the concentration of a dilute contaminant undergoing
a first order chemical reaction before the final period may be written as

(h*) = exp[-2R(t 1, )][A(r 1) 2 rexpl-(2 €y, ©Q,, — f5}1B( - zmj

N,

e , BzfoZ
812 \27

where, A

6. Results and discussion

In equation (53) we obtained the decay law for magnetic energy fluctuation of
dusty fluid MHD turbulence governing the concentration of a dilute contaminant
undergoing a first order chemical reaction before the final period in a rotating
system considering three-point correlation after neglecting quadruple correlation

terms. If the system is non-rotating and the fluid is clean ie. €2 = 0,and =0 then

the equation (53) becomes
() = expl-2R(—1)] A=) * +B=1)" | e (st

which was obtained earlier by Sarker and Islam [14]

In absence of chemical reaction, i.e, R=0 then the equation (54) becomes
-3
<h2>:[14(f—t0) A-l-B(l‘—to)_S} ___________ (55)

which was obtained earlier by Sarker and Kishor [7].

This study shows that due to the effect of rotation of fluid in the magnetic field
with chemical reaction of the first order in the concentrarion in presence of dust
particle in a rotating system the magnetic field fluctuation i,e.the turbulent energy
decays more rapidly than the energy for non-rotating clean fluid and the faster rate is

governed by exp[—{2 €, Q, }— fs]. Here the chemical reaction (R#0) in MHD

turbulence causes the concentration to decay more they would for non-rotating clean
fluid and it is governed by exp [— {ZRTM +2¢,,Q, — fs}]



190

M.A K. Azad, M. A. Aziz and M.S.Alam Sarker

The first term of right hand side of equation (53) corresponds to the energy of
magnetic field fluctuation of concentration for the two-point correlation and the
second term represents magnetic energy for the three-point correlation. In equation
(53), the term associated with the three-point correlation die out faster than the two-
point correlation. For large times the last term in the equation (53) becomes
negligible, leaving the -3/2 power decay law for the final period. If higher order
correlations are considered in the analysis, it appears that more terms of higher
power of time would be added to the equation (53).
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