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ABSTRACT
In this article, we define triple derivation anddan triple derivation of r-rings as well
as different types ofr-rings, and we develop some important results ingato the
concepts of triple derivation and Jordan tripleigdion of gamma rings. Through every
triple derivation of a gamma ring M is obviouslylardan triple derivation of M, but the
converse statement is in general not true. Hereprawe that every Jordan triple
derivation of a 2-torsion free semiprime gamma ithg derivation.

Keywords: Derivation and triple derivation, Jordan triplerigation, gamma rings and
semiprime rings.

1. Introduction
Let M andI” be additive abelian groups. M is said to hereng if there exists a mapping
Mx I'xM—M (sending (xq.y) into xay) such that
@) (X+yhz = x0z+yaz
X(@+B)y=xay+xBy
xo(y+2)=xoy+xoz
(b)  (xay)Bz=xa(ypz)

For all x,y,z=e M anda, B £ T . This definition is due to Barnes [1]. Let M bgamma
rings. M is prime if &MI'b=0 with a,lEM, implies either a=0 or b=0. M is called
semiprime if #MT'a=0 with &M implies a=0. And M is called 2-torsion free if 26y for
meM implies m=0.

Let R be an associative ring. An additive mapping-€bR is called a Triple derivation if
d(abc) =d(a)bc +ad(b)c+abd(c).

and Jordan Triple derivation ifd(aba) = d(a)ba + ad(b)a+abd(a) .

It is clear that every triple derivation is a jond@iple derivation but the converse is not in
general true. If R is a two torsion free semipriing, then every Jordan triple derivation is
a derivation by M. Bresar [1] in the sence of dieasings.

If R is a two torsion free prime ring, then eveoydhn triple derivation is a derivation by
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Bell and Koppe [2].

N. Nobusawa [6] was first introduced the notiomafmma ring. The gamma ring due to N.
Nobusawa is now denoted hy;-ring. Next Barnes [3] generalized it and gavedheve
definition. Now a days we mean the gamma ring wisafiven by Barnes. It is clear that
every ring is a gamma ring.

In this paper, we define triple derivation and dordriple derivation of a gamma ring. We
give an example of triple derivation and an exangfle Jordan triple derivation for
gamma rings. We also prove that every Jordan tdgtesation is a derivation if it is a two
torsion free semiprime-ring.

2. Jordan triplederivation

Let M be ar ring, An additive mapping d: MM is called a triple derivation if
d(aabgc) = d(a)abBc +aad(b) fc+aabpfd(c) for every a,b,ce M anda, B T

An additive mapping d: MM is called a Jordan triple derivation if
d(aabga) =d(a)abfa+aad(b)fa+aabpfd(a)for every a,b,ce M anda, p eI

It is clear that every triple derivation is a jond@iple derivation. But every Jordan triple
derivation is not in general a triple derivation.

Now we give the following examples:

2.1. Example

Let R be an associative ring with unity elemeritet.M = M, ;(R) andl'={ {"‘D'ij, n e Z)}.
Then Mis d-ring. Let d: R>R be a derivation. Now define D((x,y))=(d(x),d(yJhen we
show that D is a triple derivation associated tdam derivation d. For this, let a5(,v,),
b=(x; , v, ) c=(xz ,yz) o= ("), B= ("2*) . We have to prove
thatD(aabgc) = D(a)abfc + aaD(b) Sc + aabSD(c).

Now we have @bBc=(x.1. %1, %3, X1 XM 5 )-

So D(abpe)=(d(x ny xnz%5), d(xan, xm235 )

Similarly, we get
D(a)abpc +aaD(b) Sc+aabBD(c) = (d(xnxnXy), d(Xnx Ny J).

2.2. Example

Let M be al'-ring defined as an example 2.1. Let N ={(x, xM}. Then N is al'-ring
contained in M. Let d be a derivation given in epé&an2.1. Define D: N>N by
D((x,X))=(d(x),d(x)). Then we show that D is a Jandriple derivation. Note that it is not a
triple derivation.

To show this, let a=(x, x), b=(y, y)e=("t*), p=("2*) . We have to prove

D(aabpa) = D(a)abfa+aaD(b)Ba+aabfD(a).
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Now we have @bpa=(tn, yn.x, xn,yn.y)
So D(abpa)=(d(xn, yn,x), d(xn,yny3)). Similarly,
we get D(a)abfa+aaD(b)Ba+aabfD(a) = (d(xn yn,x),d(xn,yn,y)).
Now we prove some lemma which are essential togpooy main theorem.

Lemma 2.1. Let M be ar-ring and d be a Jordan triple derivation df-aing M. Then
d(aabpc+cabfa) =d(a)abfc+d(c)abfa+aad(b) Sc+cad(b) fa+aabd(c) + cabBd(a)

for all a,b,ce M.

Proof. Computing d((a+c)abgf(a+c)) and canceling the like terms from both sides,

then we get prove of the lemma.

Definition 2.1. Let M be a-ring. Then for all a, b, eM anda, g € I we define
[a, b, c], 3= abpc-cabBa.

Lemma?2.2. If Mis aT'-ring, then for alla, b,eM and o, el

1) [a, b, cl.p+[c, b, a} ;=0

2 [a+c, b, d} s=[a, b, d] s +[c, b, d]. 5
3) [a, b, c +d} s=[a, b, c} s +[a, b, d]
4) [a, b+d, cf s=[a, b, c]s+[a, d, ]
(5) [a, b, cl.s,y=[a, b, cl,+[a, b, ¢},
(6) [a, b, cl.p~=[a, b, d] s +[a, b, cl.,

Proof. Obvious

Definition 2.2. Let d be a Jordan triple derivation df-aing M. Then for all a, b, eM and
a, B €I we define G g(anbpc)= d(axbBc) - d(apbpc - and(b)pc -anbpd(c) .

Lemma 2.3. Let d be a Jordan triple derivation dfaing M. Then for all a, b, eM anda,
B €T, we have

(1) G,, p(aobpc) + G, g(cabpa) =0

(2) G, p((a+chbpd)= G, s(acbBd) + G, p(cabpd)
3) G, p(aobB(c+d))= G, s(anbfc) + G, p(anbpd)
4) G, (@b +cPBd)= G, p(anbBd) + G, p(anchd)
(5) Gasp,y(a0bBC) = G, ,(aobBc) + G; ,(aabpc)
(6) G,, p+(a0bBc) = G, p(acbpc) + G, ,(anbpc)

Proof. Obvious

Lemma 2.4. If M is a I'ring, then G g(aabpc)yxd[a, b, c], s +[a, b, c} s yxd G,
s(aabpc)=0 for all M andy, 6 €T.
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Proof. First we compute d¢dbpcyxdcab)pa + a(bpayxdacb)pc ) by using the definition
of Jordan triple derivation we get
d(a)bpcyxscabpa+and(b)Bcyxdcabpfa+arbfd(c)yxdcabpa+anbpcyd(X)dcabBa+arbBcyxd
d(c)bpa+aibpcyxscad(b)Ba+an(bpcyxécabpd(a)+d(cubpayxdacbpc+and(b)Bayxdanbpc
+cabfd(a)yxdacbpc+aubpayd(x)danbpc+arbBayxdd(ajbpc+oubpayxdand(b)dc+
cabBayxdacbpd(c). On the other hand, we have d{3c)yxd(cabpa)+(arbpa)yxd(acbpc))
and using lemma 2.1, we getdi@@c)yxdcabpa+ d(abpa)yxdacbpc + axbpcyd(x)écabpa +
cabBayd(x)dacbpc + abfcyxdd(cabpa) + mbpayxdd(anbfc). Since these two are equal,
cancelling the like terms from both sides of thgsi@ity and rearranging them,we get,, G
s(aobpc)yxd[a, b, cl, s+[a, b, cl, s yxd G, p(acbpc)=0

Lemma 2.5. let M be a 2-torsion free semipriniering and suppose that a,eM. If

armr’b + A'mra = O for all me M, then &mI'b = A'ml'a = 0.

Proof. Let m and rhbe two arbitrary elements of M. Then by hypothesis have
(armIrb)lmT (al'mI’b)= -(Cmra)rmT(armr’b)= -(C(mra’'m)ral’ mrb=

(@ (mrarm)I'b)fmrb = dmr(@mTb)'m’b = -dmr(bI'mTalmlb =

-(@'mrb)fmT(al'mI'b). This implies, 2(BmI'b)I'mT(al'ml’b)=0. Since M is a-2orsion
free , (@mI'b)l'mT(al'mI'b)=0. By semiprimeness of MI'enI'"b=0 for all meM. Hence we
get dmI'b = 'ml'a =0 for all mM.

Lemma 2.6. Let M is a 2-torsion free semipriniiering. Then for all a, b, c,eM anda, B,
v, 0 € I If G, g(aabpc)yxd[a, b, c], s +[a, b, cl, s yxd G, p(aabpc)=0, then G
s(aobpc)yxd[a, b, cl, =0, [a, b, c] syXxd G,, p(aabpc)=0 .

Proof. G, g(acbBc)yxd[a, b, cl s+[a, b, c} syxd G, p(anbpc)=0. Now by above lemma,
we get G g(acbpc)yxdla, b, ¢}, =0, [a, b, ¢] syxd G, p(acbpc)=0

Now we have the position to prove our main theorem

Theorem 2.1. Any Jordan triple derivation of a 2-torsion freensprimeI'-ring is a
derivation.

Proof. From lemma 2.6 we get,G(aabpc)yxd[a, b, cl.; =0 @
And [a, b, c] syx5 G,, g(anbpc)=0 (2
Our first goal will be show that d is a derivatidtence 2 G g(acbpclyxd G, s(aobpc) =
(G, p(8abBc) + G, y(anbBe)yxs G, y(aubfc) =( d([a, b, ¢l ) + [c, b, d(a)] s+ [c, d(b), a]

g +[d(c), b, 8] 5)yxd G, s(acbBc) = d([a, b, ] g)yxd G, s(acbpc) by using lemma 2.6.

2 G, p(anbBc)yxd G, s(acbBc) = d([a, b, ¢] g)yxd G, s(acbpc) 3)
Similarly, 2G, g(aobpc)yxs G, s(acbpc) = G, s(aabpc)yxs d([a, b, c} p) 4)
Next we have 0 = d(Gs(aobBc)yxd [a, b, c], s+ [a, b, c] s YX5 G, s(aabpc)) = d(G,
s(aabBc)yxs [a, b, ¢l 5+ d({a, b, c] y)yx3 G, y(abBc) + G, y(anbBe)yd(x)s [a, b, c} s+ [a,
b, ¢k s ¥d(x)3 G, (aabBc) + G, y(aabBe)yxdd( [a, b, cf.p) + [a, b, ¢}, 5 yx3d(G, (aabBc))
and according to (1), (2) 0 = 4@aabBc)yxs G, s(acbpc) + d(G, s(acbpc))yxd [a, b, ¢}, s+
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[a, b, c], s yx3d(G, s(acbpc)) we multiply the above relation from the left I6,
s(aobpclyxds G, s(aobpc)ryn and by eqn. (1) and (2). Since M is a two torsie
semiprime ring, the we get,G(aobpc) = 0

i.e. d(aabgc) =d(a)abfc+aad(b)Sc+aabfd(c) (5)
Now we consider w = d(gbyxda)ab) by equation (5)

= d(apbyxdasbh + axd(byxda)ab + abyxdand(b) = d(aybyxdacb + aud(b)yxdacb +
acbyd(x)dach + abyxdd(ajb + abyxdéacd(b) again, w = d(@)yxé(acb)) =
d(avb)yxdanb + axbyd(x)dacb + aubyxdd(anb) comparing the two expression, we obtain
(d(aob) — d(apb — ad(b))yxdacb + arbyxd(d(anb) — d(apb — axd(b)) = 0. Again by
semiprimeness of M, d¢h) — d(ayb — axd(b) = 0, i.e. d is a derivation.
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